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Introduction 



In the field of Algebraic Geometry, Grothendieck, at the beginning of the sixties, 
glimpsed and impelled the introduction of derived categories as the appropri- 
ate framework to handle the general formulation of duality theorems, either 
"continuous" -on (quasi) coherent objects- or "discrete" -on the topological 
analogues motivated by ^-adic cohomology- (see for instance the introduction 
in [Hart]). 

Grothendieck' s program culminated in 1963 with Verdier's thesis, where it is 
showed up, among other things, the importance of the structure of triangulated 
category. This notion was also related to ideas previously studied by Puppe in 
the field of Algebraic Topology [VJ. 

Both notions, derived categories and triangulated categories, were funda- 
mental in the important developments in Algebraic Geometry achieved in the 
period 1960-1975. Nevertheless, at the same time these tools were considered 
quite sophisticated and not strictly necessary for most questions. Consequently, 
the use of this theory was not so widespread. 

The situation changed dramatically in the last three decades. This was due 
to several reasons. Among them, the Riemann-Hilbert correspondence and the 
discovering of perverse sheaves in Algebraic Geometry. Later, it took place its 
gradual introduction in Algebraic Topology, Representation Theory, Mathemat- 
ical Physics and Algebra in general, as well as in -as a feedback- the development 
of the theory of motives. 

Nowadays we can see a wide diffusion of both notions, that have become 
basic tools in Homological Algebra. However, the notion of triangulated cat- 
egory does not seem to be totally satisfactory. For instance, in |GM] the non 
existence of a functorial cone is remarked (see also [Nej ) . 

Independently, and also in the sixties, Quillen introduced the notion of model 
category [Q] , establishing a general abstract framework to study homotopy cat- 
egories and even derived functors. 

On the other hand, at the middle of the twentieth century the notion of sim- 
plicial object arose to define the singular homology of topological spaces. Since 
then, (co)simplicial objects have been present in the development of homologi- 
cal and homotopical theories in Algebraic Topology and Algebraic Geometry. 

Simplicial sets, and more generally simplicial techniques, are also useful in 
the framework of model categories, for instance through the natural notion of 
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simplicial model category. Another instance appeared later through the natural 
action of the homotopy category of simplicial sets on the homotopy category 
of any model category, which is in fact a key ingredient in the triangulated 
category structure on the latter one in the stable case (cf. [Ho] ) . 

Model categories are a useful tool in the study of localized categories aris- 
ing in the theory of motives (cf. |FSVj . |DLURV] ) and more generally in the 
frameworks of Algebraic Geometry and Homological Algebra, where they are a 
complement of the notion of triangulated category. Nevertheless, model cate- 
gories do not always fulfill satisfactorily some common situations. For instance, 
it is not easy to induce a model category structure on the category of diagrams 
of a fixed model category. There is also some difficulty in handling filtered 
structures that often appear in cohomological theories of Algebraic Geometry. 

On the other hand, simplicial structures -through the theory of sheaves- 
have been a relevant tool to deal with certain (multiplicative) constructions, 
coming from Algebraic Topology, in the framework of Algebraic Geometry 

In this work we introduce and develop the notion of {co) simplicial descent 
category, that is an evolution of the corresponding "cubic" notion of Guillen- 
Navarro |GNj . It is presented as an alternative or complementary instrument to 
be used in the study of localized (or homotopic) categories arising in Algebraic 
Geometry. 

Let P be a category with finite coproducts, endowed with a class of equiva- 
lences E. The category of simplicial objects in T>, A°T>, has an extremely rich 
structure. Our aim is to transfer this richness to V with the help of a "simple" 
functor s : A°T> V. To this end we need to impose some natural compatibil- 
ity conditions between s and E. Thus, a simplicial descent category is the data 
(P, s) satisfying certain axioms, as 

Normalization: the simple of the constant simplicial object associated with 
X is equivalent to X 
Exactness: s(AE) C E 

Factorization: abstraction of Eilenberg-Zilber-Cartier's theorem appearing in 

m 

Acyclicity: the image under s of the simplicial cone existing in A°P must be 
a cone object in T> with respect to the equivalence class E. 
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Using the simple functor, we obtain cone and cylinder functors in T> satisfying 
the "usual" properties. 

The notion of cosimplicial descent category turns out to be the dual notion, 
that is, the opposite category of a simplicial descent category. 

Background 

To use a "simple" functor in order to transfer a structure is not a new idea, and 
it has appeared since the beginning of Topology, for instance when s =geometric 
realization, fact that is emphasized in |May| § 11. 

Grothendieck and his school introduced "geometric" simplicial methods in Al- 
gebraic Geometry through the so-called simplicial hypercovers. They are an 
essential tool used by Deligne to define a mixed Hodge structure on the coho- 
mology of any complex algebraic variety S (not necessarily smooth). 
Technically, the key point is the existence of a suitable "simple" functor 

Cosimplicial Mixed I J Mixed Hodge I 

Hodge Complexes I I complexes I 

that induces a mixed Hodge structure on the cohomology of S through a sim- 
plicial hyper cover X of S. 

A similar procedure is followed in pDB] to construct a filtered De Rham complex 
on the cohomology of a singular variety. 

Another instance of simple functor motivating this work appears in [N]. Let 
Adgc be the category of commutative differential graded algebras over a field 
of characteristic 0. In loc. cit. a "simple" functor 

{Cosimplicial objects in Adgc} {Adgc} 

is introduced. This functor is known as the Thom- Whitney simple. It is used 
mainly to transfer Sullivan techniques from Algebraic Topology to Algebraic 
Geometry. As an application, the author endows the rational homotopy spaces 
of an algebraic variety with a mixed Hodge structure. 

In |GN] . F. Guillen and V. Navarro Aznar give an axiomatic and abstract no- 
tion of "simple" functor, inspired in Deligne's and Thom- Whitney simples, but 
formulated in the "cubical" framework |GNPPj . To this end, they introduce 
the notion of (cubical) cohomological descent category and develop an extension 
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criterion of a functor F : {smooth schemes} to the category of non smooth 
schemes, provided that V is the locahzed category of a (cubical) cohomological 
descent category. 

In this work we develop the notion of (co)simplicial descent category, that is 
widely based in the previous notion of (co)homological descent category, where 
the basic objects are diagrams of cubical shape instead of simplicial objects. 

Both notions share the same philosophy, but there are important differences 
between them: 

-cubical diagrams are finite whereas simplicial objects are infinite. 

-in the cubical case, the factorization axiom is not so strong, in fact it is 
usually an automatic consequence of the Fubini theorem on the index swap- 
ping in a double coend. However, the simplicial factorization axiom is much 
stronger, because it involves the diagonal object associated with a bisimplicial 
object, and it is in fact an abstraction of the Eilenberg-Zilber-Cartier theorem 
given in |DPj . This theorem uses the degeneracy maps of simplicial objects. 
Hence, strict simplicial objects (with no degeneracy maps) are not enough for 
our purposes. Nevertheless, a cubical diagram does not have degeneracy maps. 

On the other hand, working in the simplicial framework has other advan- 
tages. For instance, one can induce a natural action of A°Set on V (defined 
through the simple functor from the action of A°S'et on A°V). 
We can also exploit the homotopy structure of A°V when D is a simplicial 
descent category. It turns out that homotopic morphisms between simplicial 
objects (in the classical sense of simplicial homotopy) are mapped by s into 
identical morphisms in the localized category T'[E^^]. In particular, (simpli- 
cial) homotopy equivalencies are mapped by s into equivalences. This applies 
to augmentations with an "extra degeneracy" . 

Main results 

a) We establish a set of axioms for the ( co jsimplicial descent categories. These 
axioms unify the properties satisfied by a significant number of examples in the 
frameworks of Algebraic Topology and Algebraic Geometry. 
To be precise, a category V with finite coproducts and final object * together 
with a saturated class of equivalences E and a "simple" functor s : A°I? D 
is a simplicial descent category if the following axioms are satisfied. 
Additivity: The canonical morphism sX U sY s(X U Y) is an equivalence 
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for any X, F G A°V. Also E U E C E. 

Factorization: There exists a natural equivalence nz '■ sDZ sA°sZ, where 
DZ is the diagonal object associated with the bisimplicial object Z and sA°sZ 
is its iterated simple. 

Normalization: There exists a natural equivalence Ax : s{X x A) — > X, 
compatible with /i, relating an object X in D to the simple of its associated 
constant simphcial object X x A. 

Exactness: If / is a morphism in A°D such that /n £ E for all n then s/ e E. 
Acyclicity: The simple of a morphism / in A°P is an equivalence if and only 
if the simple of its simplicial cone, sCf, is acyclic. 

Symmetry: The class {/ : X ^ F | s/ e E} is invariant by the operation of 
inverting the order of the face and degeneracy maps of X and Y. 

b) We introduce the following 'transfer lemma', that will be widely used 
to produce examples of (co) simplicial descent categories 

Assume that {V, s', E', A', fi') is a simplicial descent category and V is a category 
with a simple functor s and "compatible" natural transformations A and /x. 
Moreover, let ip : V ^ V be a functor such that the following diagram 

A°T> A°D' 

s s' 

V — 

commutes up to natural equivalence, "compatible" with transformations X, A' 
and fj,, fj.' . Then {V, E = ip~^E') is also a simplicial descent category. 

c) In any simplicial descent category V we can induce cone and cylinder 
functors in the following way. 

Given a morphism / : X — > y in "D, consider it in A°X> as a constant simplicial 
map / xA:XxA^yxA. Then, the cone of / is by definition sC(/ x A), 
where C is the simplicial cone associated with / x A. 

Similarly, the "cylinder" of two morphisms A ^ B C inV is sCyl{f xA,gx 
A), where Cyl is the simplicial cylinder associated with (/ x A, x A). 
When X is a simplicial set, then the classical cylinder associated with X is just 
our cylinder of X = X = X, and the one associated with a morphism / is our 
cylinder of X = X ^ F. 

d) We provide a "reasonable" description of the morphisms in HoV = 
P[E~^], the homotopy category of V. In general the class of equivalences E 
does not has calculus of fractions. The key point to obtain this description is 
the cylinder functor and its properties. 
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More specifically, consider the functor K : V V defined by RX := s(X x A). 
Note that the natural transformation A : R — > Id is a pointwise equivalence. 
Then a morphism f : X —y Y in HoD is represented by a sequence 

X RX T RY Y . 

where all arrows except /' are equivalences. Using this description we can prove, 
for instance, that HoV is additive when V is so. 

e) The shift [1] : T> —>■ V is defined by X[l] = c(X *), where c is the cone 
functor given above. We consider the class of distinguished triangles in HoT^ 
consisting of those triangles isomorphic, for some /, to 

X^Y -c(/) -X[l] . 

Distinguished triangles satisfy all axioms of triangulated category except the 
second axiom TR 2 (that is, the one involving the shift of distinguished trian- 
gles), with no extra assumptions (neither additivity). 

Moreover, in the additive case HoV is a "suspended" (or right triangulated) 
category [KVj in the simplicial case, and it is "cosuspended" (or left trian- 
gulated) in the cosimplicial case. In particular, if in addition the shift is an 
automorphism of HoV then HoV is a triangulated category. 

f) In order to study the properties of the simplicial cone and cylinder func- 
tors, we develop a much more general construction, the "ioto/ simplicial object" 
associated with a "biaugmented bisimplicial object" (or, more generally, to a 
"n- augmented n-simplicial object"). More concretely, consider the bisimplicial 
object Z given by the picture 
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Then the total simphcial object associated with a biaugmented is in degree k 
the coproduct of the fc-th diagonal of Z. The face and degeneracy maps are 
defined respectively as coproducts of those of Z. 

It turns out that this total functor is left adjoint to the "total decalage" given 
in [IlII] p. 7. We can also consider the total functor as the simplicial analogue 
to the total chain complex associated with a double complex. 

g) On one hand, we have checked that all examples of (cubical) (co)homolo- 
gical descent categories |GNj are simphcial descent categories. Among them we 
can mention (filtered) cochain complexes, topological spaces or commutative 
differential graded algebras. 

On the other hand, we provide other examples than the cubical ones. For in- 
stance, we consider a category of mixed Hodge complexes, and we endow it with 
a cosimplicial descent category structure. In this structure the simple functor 
is just the one developed in [Delllj . As a corollary we obtain a triangulated 
structure on its homotopy category (similar to the one obtained in |Bej ). 
Also the category of DG-modules over a fixed DG-category is a cosimplicial 
descent category, and we deduce the usual triangulated structure existing in its 
homotopy category jK] . 

A possibly less known example is the category of cochain complexes together 
with a biregular filtration, where the class E2 of equivalences consists of those 
morphisms which induce isomorphism in the second term of the respective spec- 
tral sequences. 

Now we get a triangulated structure on the category of bounded-below filtered 
complexes localized with respect to the class E2. Moreover, the "decalage" 
functor of a filtration [Dellj 1.3.3 is a triangulated functor with values in the 
(usual) filtered derived category. 

Contents 

Chapter 1: The first chapter contains the simplicial/combinatorial prelimi- 
naries. 

We study the classical cone and cylinder functors in A°V as particular cases 
of the total functor of biaugmented bisimplicial objects, that was mentioned 
before. As far as the author knows, this total functor has not been previously 
studied. Particular and related cases can be found in |EPj and [AM] ) . 
The total functor satisfies interesting properties. For instance, the iteration 
of totals of n-augmented ?7,-simplicial objects does not depend on the order in 
which we compute it (analogously to the property of the total complex associ- 
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ated with a multiple chain complex). 

Chapter 2: This chapter contains the definition of (co)simplicial descent cat- 
egory, as well as some of their properties, mainly those of homotopical type, 
related to the cone and cylinder functors. The axioms of (co)simplicial descent 
category are natural in the following sense: If / is a small category and V is 
a (co)simplicial descent category then the category of functors from I to T> 
(endowed with the pointwise simple and the pointwise equivalences) is again a 
(co)simplicial descent category. 

In section 2.3 the "factorization" property of the cylinder is established. In 
terms of the cone functor this property means the following: Consider a com- 
mutative diagram C in a simplicial descent category V 



X ■ 
X' 



f 



- Y 
Y' . 



If we apply the cone functor by rows and columns respectively we get 

/ 



X - 

9 

X' ■ 



f 



Y 



Y' 



c{f) 
c{f') 



c{9) c{g') . 

Then the cone of a and the cone of (3 are equivalent in a natural way. This fact 
will play an important role in chapter HI since it is the key point in the proofs 
of the octahedron axiom and of the second axiom of triangulated categories. 
Section 2.4 is devoted to the study of the properties of the square 



sX 



sY 



Iy 



sX.,^sCyl{f,e) 

obtained by applying s to the respective square in A°P induced by the simpli- 
cial cylinder. One can check that this square "commutes up to equivalence", 
and that Ix_i is an equivalence provided that sf is so. The reciprocal assertion 
also holds under some extra assumptions, and it will be needed to prove the 
"transfer lemma" . 

In section 2.5 we introduce the notion of functor of simplicial descent categories. 
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and we prove the "transfer lemma" . 

Chapter 3: In this chapter we give a "reasonable" description of the mor- 
phisms of HdD. We use this description to prove that HoT) is additive if T) is 
so. 

Chapter 4: We prove here that the class of distinguished triangles defined 
through the cone functor 

X^Y -c(/) -X[l] 

satisfies the axioms TRl, TR3 and TR4 of triangulated categories (with no 
extra assumptions). In the additive case, the right implication of TR2 holds, 
so P is a "suspended" category |KV] . Moreover, if the shift is an isomorphism 
of categories then HoV is a triangulated category. 

Chapter 5: In this chapter we exhibit examples of simplicial descent cate- 
gories. The first one is the category of chain complexes in an additive or abelian 
category, taking as equivalences E =homotopy equivalences or E =quasi-isomorphisms. 
In this example the axioms of simplicial descent category are checked "by hand" , 
whereas in the remaining simplicial examples they are checked by means of the 
transfer lemma. 

The following picture contains the main examples of simplicial descent cat- 
egories included in this chapter as well as the functors of simplicial descent 
categories between them 

rop^=^A°5et -A°A6 ^ CKAb . 

M 

Chapter 6: Examples of cosimplicial descent categories are provided in this 
chapter. Cochain complexes are obtained just as the dual case of chain com- 
plexes. In section 16.21 the category of commutative differential graded algebras 
(over a field of characteristic 0) is considered. The simple is just the 'Thom- 
Whitney simple' given in 

In section 16.31 we endow the category of DG-modules fK] with a cosimplicial 
descent category structure. 

In the next section we prove that the category of (positive) complexes together 
with a (biregular) filtration, CF'*'^ has two different cosimplicial descent struc- 
tures. In the first one, (iCF'''^,E), the equivalences E are the filtered quasi- 
isomorphisms. In the second one, (2CF"'"y4.,E2), the class of equivalences E2 
consists of those morphisms inducing isomorphism in the second term of the 
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spectral sequence. These statements follow from the transfer lemma. It is 
applied twice to the functors contained in the following diagram 

The functor Dec is the decalage functor given in |DeIIj 1.3.3, and Gr is the 
graded functor, with values in the category of Z-graded cochain complexes, en- 
dowed with the degreewise descent category structure. 

Both structures are used to induce a cosimplicial descent category structure on 
"the" category of mixed Hodge complexes. 

To finish, we include an appendix containing the Eilenberg-Zilber-Cartier 
theorem [DP], and some extra properties which are not easy to find in the 
existing literature. 

Further research/Open problems 

Next we list some questions and problems related to this work. Some of them 
are natural questions and others are further applications and complements. 

I. The category Op{T>) of operads over a symmetric monoidal descent cat- 
egory V has a natural structure of descent category (joint work with A. Roig). 
A related open problem is to endow the category of operadic algebras over a 
fixed operad V G Op(V) with a structure of cosimplicial descent category. 

II. Every cubical diagram X in a fixed category "D gives rise in a natural 
way to a simplicial object in T>, rX ([N], 12.1). If P is a simplicial descent 
category, we can compose r with the simple functor s : A°I? V, obtaining 
in this way a "cubical simple functor" {Cubical diagrams in V} — > V . The 
following natural question arises: 

Is every (co) simplicial descent category a "cubical" (co)homological descent 
category in the sense of [GNj ? If the answer is affirmative, then the "extension 
of functors" theorem, given in -loc. cit.-, will be also valid for functors with 
values in the localized category of a cosimplicial descent category. 

III. The localized category HoT> of a descent category T> has a translation 
functor T : HoV HoT> as well as a class of distinguished triangles (coming 
from the cone functor in V). 

The following question is motivated by model category theory: 

Is HoV an additive category provided that T is an automorphism in HoV 
(stable case)? 

If the translation functor T : HoV HoV is not an automorphism, it would 
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be interesting to provide an abstract process of 'stabilization', similar to the 
construction of the category of spectra from the category of topological spaces. 

IV. Study the properties of the action of A°Set over a descent category V 
inherited from the natural action of A°Set on A°T> through the simple functor. 
Furthermore, possibility of carrying this action to the level of derived categories. 
That is, to check whether this action gives rise to another one from HoA°Set 
on HoV or not. 

V. Define sheaf cohomology with values in a descent category T>, in a sim- 
ilar way to that given in for the case X>=commutative differential graded 
algebras. In a more general sense, to tackle the definition of derived functors 
in descent categories, following the recent work |GNPRj . 

VI. Relationship between simplicial descent categories and model categories. 
In the "cubical" case, it is known that the subcategory of fibrant objects in a 
simplicial model category is a cohomological descent category [Rj. 

VII. Extension of the notion of descent category to the context of fibred 
categories and stacks. 

VIII. Study the relationship with the recent work [VoJ, where it is also 
used the simplicial cylinder Cyl introduced in the first chapter of this work. For 
instance, if D is a simplicial descent category, it holds that the class {/ | s/ G E} 
is a A-closed class in the sense of loc. cit.. 
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Chapter 1 

Preliminaries 



1.1 Simplicial objects 

In this section we will remind the definition and some basic properties of sim- 



Definition 1.1.1 (The Simphcial Category A). 

The simplicial category A has as objects the ordered sets [n] = {0, . . . ,n} with 
< 1 < ■ ■ ■ < n, and as morphisms the (weak) monotone functions, that is 



There exists two kind of relevant morphisms in the category A. 
The face morphisms di = 9" : [n — 1] ^ [n] are just those monotone functions 
such that di{{0, . . . ,n — 1}) = {0, . . . , z — 1, z + 1, . . . , n}, for all z = 0, . . . , n. 
The degeneracy morphisms a" = (Xj : + 1] ^ [n] are characterized by o"j(z) = 
ai{i + 1) = i, for alH = 0, . . . , n. 

More specifically, di{l) = I if I < i — 1 and di{l) = I + 1 if I > i, whereas 
ai{l) = I if I < i and ai{l) = I — 1 if I > i. 

These morphisms satisfy the so called "simplicial identities", that are the 
following equalities 



plicial objects in a fixed category C. For a more detailed exposition see |May| , 
[UZ] or [UJ]. 



Hom^([m], [n]) = {/ : [m] 



[n] with /(0</(j) ifi<j}. 




if 2 < J 



if i < j 

if i = j or i = j + l 
if i > j + 1. 



(1.1) 
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The category A is generated by the face and degeneracy morphisms, as 
described in the following proposition [May] . 

Proposition 1.1.2. Let f : [n] [m] be a morphism in A different from the 
identity. Denote hy ii > 12 - ■ ■ > is those elements of [m] that do not belong 
to the image of f , and hy ji < j2 - ■ ■ < ji those elements of [n] such that 
fUk) = fUk + 1). Then 

f = di,---di^aj,---aj^, (1.2) 

Moreover, the factorization of f in this way is unique. 

Remark 1.1.3. Let A be the category whose object are all the (non empty) 
finite ordered sets, and whose morphisms are the monotone maps. 
Ii E = {cq < ci < • ■ ■ < e„} is an object of A, then E is canonically isomorphic 
to [n], and n is the cardinal of E minus 1. 

Then each object of A is isomorphic to a unique object of A, or equivalently, 
A is a skeletal subcategory of A. Then it follows the existence of a functor 
p : A — * A quasi- inverse of the inclusion i : A A. 

The intrinsic meaning of some definitions and properties given in terms of A 
become clarified when expressed in terms of A, as we will check along this 
chapter. 

We will use the following operations relative to A. 

(1.1.4) Denote by 

+ : A X A ^ A 
the "ordered sum" of ordered sets. 

That is, if E and F are objects of A, then E + F is EUF as a. set. The order 
in E + F is the one compatible with those of E and F, and such that e < / if 
e e E and f e F. 

Analogously, + : A x A — A is such that [n] + [m] = p{i{[n]) + i([m])) = 
[n + m + 1], where [n] is identified with {0, . . . , n} C [n + m + 1] and [m] with 
{n + 1, . . . ,n + m + 1} C [ri + m + l]. 

(1.1.5) Denote by 

6p:A^A 

the functor which consists of taking the opposite order. That is, op{E) is equal 
to as a set, but it has the inverse order of E. 
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Analogously, op = poopoi : A ^ A is the functor given by 

op([n]) = [n] and if 6 : [n] ^ [m], {op{6)){i) = m — 6{n — i) , 
and then 

op(ar) = d:_, -.[n-l]^ [n] and op{a^) = : [n + 1] ^ [n] . 
Definition 1.1.6 (The Category Ae). 

Let Ae be the strict simplicial category, that is the subcategory of A with the 
same objects, but whose morphisms are the injective monotone functions. 
Analogously, Ag is generated by the face morphisms, and it is a skeletal sub- 
category of the corresponding category Ag. 

Definition 1.1.7 (Simplicial Objects). 

A simplicial object X in a category C is a contravariant functor from the sim- 
plicial category to C, that is, X : A° ^ C. 

(1.1.8) As a corollary of (11.21) . X is characterized by the data 

Xp = X{[p]) d, = X{di) Sj = X{a,) 

where the face and degeneracy maps di and Sj of X satisfy the following equal- 
ities, also called simphcial identities : 

= if z < J 

n+l n _ n+1 n ■£ ■ ^ ■ 
— ' ^ J 

r s]:',d: if t<j (1.3) 

<^r^ = < Id[n-1] if i=JOTt=J + l 

[ s]-X-i if * > J + 1- 
Then, a simplicial object X = {X„, di, sj} can be represented as follows 




so 



(1.1.9) Analogously, a strict simplicial object is X : A° ^ C, that is given by 

di ^ , 

-^0 < - Xi < - X2 \ - X3 

do 

14 



(1.1.10) Dually, a cosimplicial object in C is a functor X : A ^ C, or equiva- 
lently, a simplicial object in C°. The strict cosimplicial objects in C are defined 
in the same way. 

Remark 1.1.11. From now on, we will use the notation XC for the category 
of functors from X to C. 

Definition 1.1.12. The simplicial objects in C give rise to the category A°C, 
whose morphisms are the natural transformations between functors. 
A morphism p : X —>■ X' in A°C is a set of morphisms p„ : -^n —>■ X'^ in C 
commuting with the face and degeneracy maps, that is 

Pndx = dx'Pn+l Pn+lSx = Sx'Pn ■ 

(1.1.13) Having into account 11.1.31 A°C is canonically equivalent to A°C. De- 
note by J : A°C A°C (resp. V : A°C A°C) the functor induced by 
composition with i : A A (resp. p : A —>■ A). 

Since pd = Idj\, we have that loV = /(iA°c- 

(1.1.14) The categories of cosimplicial, strict simplicial and strict cosimplicial 
objects in C are denoted respectively by AC, A°C and AeC, and are defined in 
the same way as A°C. 

Composing with the inclusion Ag ^ A we obtain the forgetful functor 

U : A°C ^ AlC 

consisting in forgetting the degeneracy maps of a simplicial object. 

Remark 1.1.15. If C has colimits, the forgetful functor U : A°C — > A°C has 
a left adjoint tt (called "Dold-Puppe transformation") constructed as usual. 
However, it follows from the property 11.1.21 that vr exists just assuming the 
existence of coproducts in C. Next we remind the definition of the Dold-Puppe 
transformation (cf. [GJ 1.2). 

Proposition 1.1.16. If C is a category with finite coproducts, the forgetful 
functor U : A°C A°C admits a left adjoint vr : A°C — > A°C. If A is a strict 
simplicial object in C, then ttA is defined as 

(vrA)„= n Al 

e:[n]^[m] 



15 



where the coproduct is indexed over the set of surjective morphisms 6 : [n] ^ [m] 
in A and = Am- 

(1.1.17) Let us see how the action or ttA over the morphisms in A is defined. 
Let / : [n'] [n] be a morphism in A. The morphism in C 

(7rA)(/):(7rA)„= ]\ (7rA)„, = ]J 

Sifn]— »[m] p;[n']— »[m'] 

is defined as follows. 

Given a surjective 9 : [n] ^ [m], it follows from 11.1^ that there exists a unique 
factorization of Oaf : [n'] [m] as 

[n'] ^ [I] ^ [m] 

where a is surjective and [3 is injective. 
Then the restriction of (vr /!)(/) to is just 

-.Al^Ar . 



Definition 1.1.18 (Bisimphcial objects). 

A bisimphcial object in C is by definition a simplicial object in A°C. Then, the 
category of bisimphcial objects in C is A° A°C ~ (A x A)°C 
Given Z G A°A°C we will denote 

d\ ^ = Z{di,Id) : Zn^m — ^ -^n-l.m d[ ^ = Z{Id,di) : Zn^m -^n.m-l 
"Sj Id^ ■ 'Z'n.m Zn+l,in ■ ^n,m ^ ^n,m+l • 

Now we introduce some remarks that will be useful along these notes, as 
well as their dual constructions in the cosimplicial case. 

(1.1.19) The diagonal functor D : A°A°C A°C is the functor induced by 
composition with A ^ A x A, [n] ([n], [n]). 

Then, given Z E A°A°C, (DZ)„ = Zn,n and (DZ)(^) = Z{9,9), Vn > and 9 
in A. 

(1.1.20) The index swapping in A°A°C gives rise to a canonical functor F : 
A°A°C A°A°C, with 

iTZ)n,m = Zm,n (LZ) («,/?) = Z{P,a) , 
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if n, m > and a, (3 are morphisms in A. 
It holds tiiat DoF = D. 

(1.1.21) Each functor F : C ^ C induces by composition a functor between 

the respective categories of simphcial objects of C and C, that will be denoted 
by A°F : A°C ^ A°C. Then (A°F(X))„ = Vn > 0. 

(1.1.22) Let 

- X A : C — > A°C 

be the simplicial constant functor. More concretely, X x A : A° — > C is just 
the constant functor equal to X 

(XxA)„ = XVn>0 ; (X x A)(/) = 7dx V morphism / of A 

Note that if * is a final object (resp. initial) in C, so is * x A in A°C. 

(1.1.23) The functor - x A : C ^ A°C induces the functors 

- X A , Ax-: AX A°A°C . 

Given X in A°C then 

{X X A)„,^ = Xn and (A x X)„,^ = X„ Vn, m > . 



Remark 1.1.24. The category A°C inherits most of the properties satisfied 
by C. For instance, if C has finite coproducts the same holds for A°C through: 

{xUY)n = x^UYn ; {xuy)if)=x{f)Uyif) ■ 

Analogously, A°C is additive (resp. monoidal, abelian, complete, cocomplete, 
etc) if C is so. 

1.2 Augmented simplicial objects 

Definition 1.2.1. Let A_(_ be the category whose objects are the ordinal 
numbers [n] = {0, . . . ,n}, n > —1, where [—1] = 0, and whose morphisms are 
the (weak) monotone functions. 
Then A+ contains A as a full subcategory. 

Denote by Oq : [—1] — > [0] the trivial morphism, that will be considered as a 
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face morphism. As in the case of A, it also holds that every morphism has a 
unique factorization in terms of the face and degeneracy maps. These maps 
satisfy in the same way the simplicial identities. 

Remark 1.2.2. Analogously to ll.l.3t A+ is a skeletal subcategory of A+, that 
is the category of (eventually empty) ordered sets and monotone functions. We 
will also denote by i : A+ — > A+ and p : A+ A+ the inclusion and its 
quasi-inverse. 

The operation + : A_|_ x A_,_ — > A+ is defined as fll.l.4p . and it makes A+ (then 
also A+) into a (strong) monoidal category (cf. }ML] p. 171). 

Definition 1.2.3. An augmented simplicial object in a category C is a functor 
X+ : (A+)° ^C. 

Denote by A^C the category of augmented simplicial objects in C. 

Therefore, an augmented simplicial object G A^C is characterized by 
the data {Xn, di, sj}, where X„ = X([n]), di = X{di) and sj = X{aj). That is, 
X is represented by the following diagram 




Definition 1.2.4. Given a simplicial object X G A°C, an augmentation of 
X is an augmented simplicial object X~^ G A^C such that its image under the 
forgetful functor U : A^^C A°C induced by restriction is just X. 

Remark 1.2.5. Given X G A°C, an augmentation of X is a pair {X^i,do) 
where X_i is an object in C, and do : Xq X_i is such that dodo = dido : 

If C has a final object 1, then every simplicial object X has a trivial aug- 
mentation, taking X„i = 1. Hence, we have the functor A°C —>■ A^C, right 
adjoint of U : A;C A°C. 

Proposition 1.2.6. 

i) Given an object S in C and a morphism e : X ^ S x A in A°C, then 
eo '■ Xo S is an augmentation of X, and the correspondence t ^ eo is a 
bijection 

HomAoc(X, 5 X A) ~ {X+ G (A+)°C with X_i = S and UX+ = X} 

ii) The functor — x A : C — >• A°C is left adjoint to A°C C, X. ^ Xo- That 
is, 

HomAoc(5 X A,X) ~ Homc(5,Xo) . 
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Proof, i) Clearly, if e : X ^ 5 x A, then = : Xq ^ S is an augmentation 
of X. Conversely, if : Xq ^ 5 is an augmentation of X, then e„ = {d^)^^^ : 
Xn —>■ S defines a morphism e : X — > S* x A. Moreover, it follows by induction 
that en = {doT^^. 

To check ii), it is enough to note that given e : Sx A ^ X then e„ = (so)"eo. □ 

Two relevant examples of augmented simplicial object are the "decalage" 
objects associated with any simplicial object (see |I1II] ). 

(1.2.7) Consider the functor F : A A (resp. G : A — A) given by 
F{E) = [0] + E (resp. G{E) = E + [0]), that is, the ordered set obtained from 
E by adding a smallest (resp. greatest) element. 

If we work in the category A, the functor F : A ^ A maps [n] into [n + 1] and 
if ^ is a morphism A, F(^)(0) = and F{9){i) = 9{i - 1) + 1, if z > 0. 
On the other hand, the functor G : A — A is such that G([n]) = [n + 1] and if 
e -.[n]^ [m] then G(6')(i) = i if i < n + 1, G{n + 1) = m + 1. 



Definition 1.2.8 ("Decalage" objects). 

The "lower decalage functor" , deci : A°C A°C, is defined by composing with 
F. If X : A° — C, then XoF is obtained by "forgetting the first face and 
degeneracy maps" of X 

{deci{X))n = Xn+i {deci{X)){di) = di+i (rfeci(X))(sj) = s^+i . 

The morphism di : Xi Xq gives rise to the augmentation deci{X) —>■ Xq x A 
given by 

^ ds 

X2^ 



Xn 



di 



d2 



d2 




X, 



Xa 



^^^^ 



In the same way, by composition with G we obtain the functor "upper decalage" , 
dec^{X) : A°C A°C that consists of "forgetting the last face and degeneracy 
maps" 

{dec\X))^ = Xn+i {dec\X)){di) = d, {dec\X)){s^) = Sj . 
Therefore, d^ : Xi Xq produces the augmentation dec^{X) —>■ Xq x A 

^ d2 

X2^ 



Xo' 



Xi 



di 



di 




X, 



X. 
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1.2.1 Simplicial homotopy and extra degeneracy 

We will remind the relationship between an augmentation with an extra de- 
generacy and the notion of homotopy between simplicial morphisms (cf. [B], p. 
78). 

First we give the combinatorial definition of homotopic morphisms in (cf. 
§5)- 

Definition 1.2.9 (Simplicial homotopy). 

The morphism f : X Y in A°C is homotopic to g : X Y , f g, ii there 
exists morphisms hi : X„ — > Y^+i, i = 0, . . . ,n satisfying the following identities 



ii) dihj 



Hi) Sih 



■J 





= 9 


hj-idi 


iii<j 


djhi-i 


if i = j >1 


hjdi^i 


if 2 > j + 1 


hj+iSi 


if i<j 


hjSi-i 


if i > j. 



Note that the relation ~ is not symmetric. 
Definition 1.2.10. 

1. An augmentation X —>■ X_i x A has a "lower" extra degeneracy if there 
exists morphisms s^i = s_i : X„ — ^ Xn+i in C for all n > —1 such that the 
following simplicial identities hold 

doS-i = Id di^iS-i = S-idi sjS-i = s_iSj_i Vi > 0, j > , (1.4) 

where eo = do : Xq ^ X^i. 

2. Dually, an augmentation X X_i x A has an "upper" extra degeneracy if 
there exists morphisms = Sn+i '■ Xn Xn+i in C for all n > —1 such that 

dn+lSn+l = Id diSn+l = SjSn+l = Sn+2Sj ^ Tl, j <: U + 1. 

Example 1.2.11. Following the notations introduced in ll.2.8l it is clear that 
the augmentation deci {X) Xq x A has a "lower" extra degeneracy, consisting 
of the forgotten degeneracy sq : X„ — > X^+i. 

Analogously, dec^{X) Xq x A has an "upper" extra degeneracy s„ : X„ — >• 

Xn+l- 
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Proposition 1.2.12 ([B] cap. 3, 3.2). 

An augmentation e : X X_i x A has a lower extra degeneracy if and only if 
there exists ( : X_i x A ^ X such that Idx ~ ^^'^^ = Idx_ixA- 
Dually, e has an upper extra degeneracy if and only if there exists ( : X_i x A — >• 
X such that (e ~ Idx and eC. = Idx_j^xA 

1.3 Total object of a biaugmented bisimplicial object 

In this section V denotes a category with finite coproducts. 

In this case, one can consider the classical cone object associated with a 
morphism / : X ^ y in A°V, as well as the classical cylinder object associated 
with X. It turns out that both classical objects are particular cases of the 
"total" functor developed in this section. 

In fact, the total functor can be seen as the simplicial analogue of the total 
chain complex associated with a double chain complex in an additive category. 
Even though this total functor is an extremely natural construction, the author 
could not find it in the literature. 

Next we introduce this combinatorial construction associated with any bi- 
augmented bisimplicial object Z, although we will only use some particular 
cases of Z in this work. 

In the cosimplicial setting, all dual constructions and properties can be 
established. 

Definition 1.3.1 (biaugmented bisimplicial object). 

Let 2 — A+ be the full subcategory of A_|_ x A_|_ whose objects are the pairs 
{[n], [m]) G A+ X A_|_ such that [n] and [m] are not both empty. 

A biaugmented bisimplicial object Z is a functor Z : 2 — A^ V, or 
equivalently a diagram Z_i . ^ Z+ ^-,-1, where Z_i., Z^, and Z.^_i are the 
respective restrictions of Z to [— 1] x A, A x A and A x [—1]. 
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Hence Z is a diagram of T> of the form 



(1.5) 




We will denote by 2 — A^P the category of biaugmented bisimplicial objects, 
whose morphisms are natural transformations between functors. 

(1.3.2) Again, 2 — A^P is canonically equivalent to the category 2 — A^D, 
where 2 — A+ is the full subcategory of A+ x A+ having as morphisms the pairs 
{E, F) of ordered sets E and F different from (0, 0). 

The functors giving rise to this equivalence will be denoted hy V \ 2 — A°^V — *■ 
2 - A^V and J : 2 - A^V ^ 2 - A^V. 

Next we will exhibit two examples of biaugmented bisimplicial object. First, 
we introduce the "total decalage" object associated with a simplicial object (cf. 

m, p-7). 

(1.3.3) The ordered sum of sets (see ll.2.2p . + : A+ x A+ A+, can be 

restricted to 

p : 2 - A+ ^ A , 

with p{[n], [m]) = [?2] + [m] = [n+m+1], where [n] is identified with {0, . . . , n} C 
[n + m + 1] and [ni] with {n+l,...,n + m + l} C [n + m + 1]. 

Example 1.3.4. The functor total decalage Dec : A°V ^ 2 - A°^V is defined 
by composition with p : 2 — A+ A. 

If X is a simplicial object, the biaugmented bisimplicial object Dec{X) consists 
of 
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X, 



Xo 



Xl 



X. 



X, 



X, 



Xi 



X, 




x. 



X, 



X, 



x« 



X, 



x^ 



X, 



Following the notations introduced in ll.2.8l the rows of the diagram are the aug- 

k) 

mented simplicial objects dec''{X) Xfc_i, A; > 1, where dec^{X) = dec^{- ■ ■ 
dec^(X)) is obtained from X by forgetting the last k face and degeneracy maps, 
that is 




Xk-i 



In the same way, the columns are the augmented simplicial objects deck{X) — 
Xfc_i, this time obtained by forgetting the first face and degeneracy maps of 
X, that is 



<ik + 2 



Xk-1 




k+3 



Analogously, Dec : A°V 2-A°V is defined as [Dec{X)]{E, F) = X{E + F), 
and it holds that Dec = IDecV (see 0:2l 11.1.131) . 

Example 1.3.5. Let / : X ^ F be a morphism in A°T> and e : X ^ X_i x A 
an augmentation of X. 

Hence, X gives rise to the bisimplicial object = A x X, that is, Z'l- = Xj. 
Moreover, / and e define the augmentations Z^j — > Z_ij = Yj and Z^j — > 
Zi,-i = X_i. 

Therefore the diagram Z = Z{f, e) : ^-i,. ^ Z^, ^--i is a biaugmented 
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bisimplicial object. Consequently, given ([n], [m]), ([n'], [ni']) in 2 — A+ and a 
morphism {9,9') : {[n'], [m']) — > {[n], [m]), we have that 



Y{9') if n = -1 (hence n' = -1) 

if n' 7^ — 1 (hence n ^ —1) 



li n = —1 , , 

^n,m-^ Z{9,9')= {X{9' 

\fm'X{9') if n' = -1 and n ^ -1 
Visually, Z{f, e) is the following diagram 



;i.6) 



Yn 



Xo 



Xo 



Xi 



Xo 



Xo 



Xo 



Xi 



Xi 



Xn 



Xo 



X^i i X_i < X_i i X_i 



where the horizontal morphisms are either : X„ —>■ Y^ or the identity X„ —>■ 
Xn, whereas the vertical morphisms are either the face and degeneracy maps 
of X or eo = do : Xq 

Clearly Z{f, e) is natural with respect to (/, e). In addition, since e : X — > X_i x 
A is characterized by cq (see ll.2.5|) . then Z{f,e) preserves all the information 
contained in (/, e). 

Definition 1.3.6 (Total object of a biaugmented bisimplicial object). 
The functor Tot : 2 — A°^V A°V is defined as follows. If Z is a biaug- 
mented bisimplicial object, then Tot{Z) is in degree n the coproduct of the 
n-th antidiagonal of (11. 5p . that is 

Tot{Z)n = Yi ^i'j ■ 

i+j=n—l 

The face maps in Tot{Z) are defined as coproducts of the morphisms in (11.51) 
going from the n-th antidiagonal to the n — 1-th one, and analogously for the 
degeneracy maps. 

More specifically, set 9^^^ = Z{9, Id) : Z^^k ^ and 9^^^ = Z{Id, 9) : Zk,n ^ 
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Zk^m for every 9 : [m] [n] and k> —1. 

The face maps dk : Tot{Z)n — > Tot(Z)„_i are given by 



d 



d^^^ : Zj j ^i-i.j if i > 



The degeneracy maps : Tot{Z)n Tot{Z)n+i are 

{s^^-* : Zjj- ^ ^i+ij if i > k 
(2) 7 7 • / / ■ 

(1.3.7) Consider Z E {2 — A^)°T>. The canonical maps 

Z-i,„ Yi ^hj -1 ~^ II ^hi 

i+j=n—l i+j=n—l 

give rise to the following canonical morphisms in A°V 

^ Tot{Z) ^ , 

that are natural in Z. 

(1.3.8) The functor Tot can be extended to Tot+ : (A+ x A+yV (A+)°P 
as follows. 

If +Z G (A+ X A+yV and Z if the restriction of +Z to 2 - A+ then the 
morphism 

do = d^^ U dQ^ : Z_i^q U Zq.-i ^ +^-i,-i 
is an augmentation of Tot{Z). 

Remark 1.3.9. As far as the author knows, the functors Tot and Tot^ do 
not appear in the literature. 

However, a particular case of Tot+ is introduced in |EP] . that is called the "join" 
of two augmented simplicial sets. If X ^ X_i and Y ^ Y_i are augmented 
simplicial sets then their join is just the image under the total functor of +Z = 
{Xn X Ym}n,m>-i- In loc. cit. the associativity of this join is stated. This 
associativity can be deduced as well from (the augmented version) of proposition 
OH 

Hence, the notion of join is completely similar to the one of tensor product of 
two chain complexes A and B of modules over a commutative ring R, since the 
tensor product of A and B is just the total chain complex associated with the 

double complex {An ®R Bm}n,m- 
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The definition given above for Tot is purely combinatorial, we introduced 
it in this way because we will need the formulae for computations. However, 
this construction can be understood in a more intuitive way if we consider the 
following equivalent definitions. 

(1.3.10) The functor Tot : 2 — A°^_V A°V can be described as follows. 

• Consider the category A/[l] with objects the pairs {[n], a), where a : [n] —>■ 
[1] is a morphism in A. A morphism 6 : {[n],a) ^ {[m], p) is 6 : [n] [m] 
in A such that p6 = a. We will denote {[n], a) by a if [n] is understood. 

• If cr : [n] — > [1], let v G {0, . . . , n + 1} be such that {v, . . . ,n} = if 

it is non empty, and z^- = n+1 if cr^^(l) = 0. Note that the correspondence 
(7 ^ V is a bijection. Moreover, we will identify — 1] with cr^^(O), as 
well as [n — ia-] with a~^{l) (after relabelling in a suitable way). 

• Let^ : A/[l] ^ 2- A+ be the functor defined by ^ (a) = [v-l]x[n-v]. 
Given 6 : ([^^],cr) — > ([m],p), since 9{a~^{j)) C p^^{j) for j = 0, 1 then 
^lo-i(o) • [v — 1] ^lo-i(i) • [iT' — 'io-] [iTT' — 'ip] are morphisms 
in A+. 

Hence, define ^(6*) = 0\„-i(^o)x9\„-i(^i^ : [v — 1] x [n— v] [ip—l]x[m—ip]. 

• If Z is a biaugmented bisimplicial object, Tot{Z) is the simplicial object 
defined in degree n as 

Tot{Z)n = Yi 

a:[n]^[l] 

If p:[n]-^ [1] and 9 : [n] [m], then 9 : {[n], p9) ([m],p) is in A/[l], 
and the restriction of Tot{Z){9) to Zj^-i^m-jp is 

(1.3.11) In terms of A+, fat : 2 - A\V A°V is defined as 

[f^t{Z)]{E)= Y[ Z{Eo,E,), 

E=Eo+Ei 

where the coproduct is indexed over the set of pairs {Eq, Ei) E 2 — A^ such 
that E is the ordered sum of Eq and Ei (see 11.2.2"]) . 
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Let f : E' E he a morphism in A and {Eq, Ei) an object in 2 — A_|_ such 
that ^0 + ^1 = E. 

Denote by E[ the set f~^{Ei) with the order induced by the one of E', for 
i = 0,1. It is clear that E' = Eq + E[, as well as / = /o + /i, where fi = f\E' '■ 
E[ Ei for i = 0, 1. 

Then : [f^(Z)](E) ^ [f^t{Z)]{E') is defined as 

[f^t{Z)]{f)\zi^E,,E,) = Z{fo,h) : ZiEo,E^) ^ ZiE'„E[) . 

(1.3.12) The functor Tot can be also extended in a natural way to 

fot^ : (A+ X A+yV K\V , 
with [T^^(Z)](0) = Z(0,0). 

Proposition 1.3.13. The two definitions given for Tot coincide, and do 
define a functor Tot : 2 - A^V A°V. 

In addition, these constructions correspond to Tot : 2 — A^D A°T> under 
the canonical equivalence of the categories A+ and A+. That is, under the 
notations o/ ll.3.2l and W.l.T^ we have that 

Tot = XofotoV . 

Proof. Let us see first the second statement. 

Define A/[l] as ll.H.lOL as well as $ : A/[l] ^ 2 - A+. More specifically, if 
a:E-^ [1], then §((t) = a~^{0) x a-^{l). 

Any decomposition E = Eq + Ei in 2 — A+ determines in a unique way an 
object a : E ^ [1] in A/[l] (just take a{Ei) = z, i = 0, 1). 
Hence 11.3.111 can be rewritten as 

[f^t{Z)]{E)= W Z{a-\0),a-\l)) . 

Moreover, iif:E'-^E, then the restriction of [Tot(Z)](/) to Z {(j-^ {0) , a'^ {I)) 
coincides with Z(/|(/<^)-i(o), Consequently 

[XJf^toV{Zmn]) = W {VZ){a-\0),a-\l))= ]J Z{p{a-\0)U{a-\l))) , 

that is equal to Tot{Z)n, and clearly the action of XoTotoV{Z) and of Tot{Z) 
over the morphisms of A coincides. 
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Secondly, let us check that the two definitions given for the total functor 
coincide. Note that any monotone function cr : [ra] — > [1] is characterized by the 
integer v ^ {0,n + 1} such that cr~^{l) = {v, . . . , n}. 

It follows that the correspondence a — 1 is one-to-one between the sets 

{(hj) \ i + j = n - 1, i,j > -1} and {(v - l,n - Q \ a : [n] ^ [1]} . 

Let 6 = dk '■ [n — 1] ^ [n] and p : [n] ^ [1] be morphisms in A. We will 
compute 

"^{dk) ■■ [ipd, - 1] X - 1 - ipQ^] [ip -l]x[n- ip] . 
li ip < k, then ipg^. = ip and it holds that 
^fcl(p9,)-^(o) = Id : [ip-l] [tp-1] ; 5fc|(pa,)-i(i) = dk-i^ : [n-ip-1] [n-ip] . 
In this case [Tot{Z)]{dk)\z,^^i,„^,^ = 4-^ • ^v-L^-v ^ Z,^-i,n-t,-i- 

(2) 

Then, taking i = ip - 1, [Tot{Z)]{^k)\z,p.l,„-^p corresponds to dl._-_^ : Zij 

On the other hand, if ip > k, then ipg^ = ip — 1 and it can be checked 
analogously that [Tot{Z)]{dk)\z,p^i^„^,p = Z{dk,Id) : Zi^^2,n-ip- 
Hence, setting i = ip — 1 we have that [Tot{Z)]{dk)\zip^i,„^ip is df^ : Zij — >• 

The analogous equality involving the degeneracy maps 0"^ : [n + 1] — * [n] can 
be checked in a similar way. 

It remains to see that Tot{Z) e A°V, that is, that Tot{Z){ee') = Tot{Z){e')Tot{Z){e) 
for every composable morphisms 6 and 6' in A. The equality Tot{Z){Id) = Id 
follows from the naturality of \E'. 

Finally, given ip : Z ^ S then Tot{tp) : Tot{Z) Tot{S) is defined in 
degree n by Tot{ip)\zi.j = ipij : Zij — > Sij. Clearly, it is a morphism between 
simplicial objects, natural in ip. □ 

Remark 1.3.14. Let X : A]_V A\V and V : (A+ x A+)°r' ^ (A+ x A^)"© 
be the equivalences of categories induced by i : A+ — A_|_ and p : A_|_ A_|_. 
Hence, it holds that Tot^ = loTot oV. 

Proposition 1.3.15. The functor Tot : 2 - A^V -> A°V is left adjoint to 
the total decalage functor Dec : A°V — 2 — A°^V introduced in 11.3.41 
Hence {Tot, Dec) is also an adjoint pair of functors. 

Consequently, the functors Tot and Tot commutes with colimits and in partic- 
ular with coproducts. 



28 



Proof. Since V and X are quasi-inverse equivalences of categories, and since 
Tot = loTotoV and Dec = loDecoV, it follows from the adjunction {Tot, Dec) 
that {Tot, Dec) is also an adjoint pair. 

Consider Z G 2 — A^D and Y G A°V. Let us check that there is a canonical 
bijection 

Hom^op (fu{Z),Y^ ~ Hom2_^^^ (^Z,D^c{Y)'^ . 
A morphism F : Tot{Z) Y consists of a collection of morphisms in V 
G{Eo,E,) = F{E)\ziEo,E,) ■ Z{Eo,E,) ^ Y{E) = [mc{Y)]{Eo, E,) 
for every equality of ordered sets E = Eq + Ei. 

Moreover, G is natural in {Eq, Ei) since F is natural in E. To see this, given 

an expression E = Eq + Ei, it is enough to note that there exists a bijection 

between the set of morphisms (/o, /i) : {Eq, E[) — > {Eq, Ei) in 2 — A4. and the 

morphisms f : E' E. To see this, set E' = E'q + E[; f = Jq + fi : E' E 

on one hand, and E'^ = f^^{Ei); /j = /|^^', z = 0, 1 on the other hand. 

The naturality of F means that for every ordered set E the following equality 

holds 

F{E')Jf^t{Z){f) = Y{f).F{E) : [f^t{Z)]{E) ^ Y{E') , 

and this happens if and only if this equality holds on each component Z{Eq, Ei) 
of Tot{Z). That is to say, if and only if 

G{E'„E[)oZ{fQ,f,) = {F{E')M{Z){f))\z^E,,E.) = 
= {Y{f)oF{E))\ziEo,E,) = [D^c{Y)]{fQ,h).G{EQ,E,) 

and this happens if and only if G is natural with respect to each morphism 
(/o,/i). □ 

Remark 1.3.16. In |CR] the authors consider a "decalage" functor dec : 
A°Set A°A° Set, by forgetting the biaugmentation of the biaugmented bisim- 
plicial object Dec{X) associated with X G A°Set. In loc. cit. another "com- 
binatorial" functor A°A°Set Set is also introduced. This functor is right 
adjoint to dec and is defined using fiber products in Set instead of coproducts. 

Next we will see that the classical simplicial cone and cylinder objects are 
particular cases of the functor Tot. 

Example 1.3.17 (Simphcial cone). 

Assume that T> has a final object 1 and / : X — > F is a morphism in A°T>. The 
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classical definition of cone object associated with / |DeIII] is Cf G A°V, with 

(c/). = y;ux„_iU---uXoui . 

Let Z be the biaugmented bisimplicial object associated with f : X ^ Y and 
to the trivial augmentation X — > 1 x A (see 11.3.51) . 
Hence Cf is just the total simplicial object of Z. 

Example 1.3.18 ('Cubical' cylinder). 

Given a simplicial object X in T>, let us remind the classical notion of cylinder 
associated with X, that will be denoted by Cyl{X). We will say that Cyl{X) 
is the "cubical" cylinder object of X. It is defined in degree n as 

ayi{x)^= W x:, 

where X^ = X„ Va. Given 9 : [m] [n] in A, Cyl{9) : Cyl{X)^ Cyl{X)^ 
is 

^ C^/(^)Us=X(^^):X:^Xf . 
It holds that Cyl{X) is the total object of Dec{X) G (2 - /\+yV (given in 

03D. 

Remark 1.3.19. We recall that the cubical cylinder object characterizes sim- 
plicial homotopies [ |May| prop. 6.2]. 

In other words, let Uq^Ui : [n] — > [1] be the morphisms such that Mj(M) = i-, 
i = 0, 1. If X is a simplicial object, define I, J : X Cyl{X) as 

/„ = It/ : X„ ^ X;^i and J„ = Jc? : X„ ^ X;^« . 

Given f,g:X—*Ym A°T>, we have that f ^ g (that is, / is homotopic to g) 
if and only if there exists H : Cyl{X) —>■ X such that Hoi = f and HoJ = g. 

1.4 Total object of n-augmented n-simplicial objects 

In this section we will generalize in a natural way the functors Tot and Tot to 
the categories n — A^P and n — A^P, respectively. In addition, the functor 
Totn (resp. Totn) can be obtain as well as iterations of Tot (resp. Tot). 

n) 

Definition 1.4.1. Let n — A_|_ be the full subcategory of A+x ■ ■ ■ x A_,_ whose 
objects are ([mo], . . . , [m„_i]) with ^ —n. Analogously, let n — A_|. be 

the category defined using A+ instead of A+. 

Again, we will refer to the elements of the category n — A°jT> of contravariant 
functors from n — A_|_ to T) as n-augmented n-simplicial objects. 
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(1.4.2) Similarly to the case n = 2, an object T of 3 — A^P can be visualized 
as 



T-i, 



-i,fc 



where the indexes i,j, k are positive integers. 

Definition 1.4.3. Define Totn : n - A^V A°V as follows. 
Let A/ [n — 1] be the category defined as A/[l] in ll. 3.101 

Given a : [m] ^ [n — 1] and A; G [n — 1], note that each ordered subset a~^{k) 
of [m] is isomorphic to a unique object [mfc((T)] of A_|_. 
If Z e n - A;©, set 

[Totn{Z)]m = Y\_ ^mo(o-)v,m„_i(cr) • 
a:[m]^[n—l] 

Moreover, if 9 : [ni'] — > [ni], then 6'|(o.e)-i(fc) : {a9)^^{k) {(T)~^{k) induces a 
monotone function 9k : [m'i^{a9)] [nik^cr)], and the restriction of [Totn{Z)]{9) 

to .Zmo(o-),...,m„_i(<T) is 

Z{9q, . . . ,9jn-l) '■ Zmo{cT),...,m„-i{a) Zm'^^{^(7Q),...,m'^^^{aQ) ■ 

Next we provide a description of the total functor in terms of A+. 
(1.4.4) The functor Totn : n - A\V A°V is given by 



[f^tn{Z)]{E) = l[ Z{Eo,...,E., 

E=Eo+--+E„-i 



n—1 J 



li f : E' ^ E IS a, morphism in A and E = Eq + ■ ■ ■ + En-i then 

E' = E', + --- + K-i and / = + ■ ■ ■ + /„_i , 

where E'^ = 9-^{Ei) and fi = fls'^ : E'^ EiJoi i = 0, . . . ,n - 1. 
Hence [f^„(Z)](/) : [f^t{Z)]{E) ^ [f^„(Z)](E') is 

[T^tn(^)](/)U(i^o,...,i^„-0 = Z{fo, . . . , fn-l) ■■ ZiEo, . . . , K-l) ^ 



E: 
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Remark 1.4.5. As in ll.3.2l the equivalences of categories i : A —>■ A, p : A ^ 
A induce the quasi-inverse equivalences 



Then, the following analogue of 11.3.151 also holds 

Totn = XoTotnoV ■ 

Remark 1.4.6. Since + : 2 — A+ — > A is associative, we can consider the sum 
Eq + ■ ■ ■ + En-i with no need of fixing the order in which the sums are made. 
Consequently, the following property holds. 

Consider a non empty ordered set E. It is clear that there is a bijection be- 
tween the decompositions of E as an ordered sum of n of its subsets, E = 
Eo + ■ ■ ■ + En-i, and the decompositions E = Eq + E[ together with two more 
decompositions E'^ = Eq + ■ ■ ■ + E^-i and E[ = Ei^ + ■ ■ ■ + En-i, for a fixed 
0<k<n-l. 

Iterating this procedure, it follows that Totn (resp. Totn) agrees with consecu- 
tive iterations of Tot = Tot2 (resp. Tot = Tot2)- Let us see the case n = 3 in 
more detail. 

(1.4.7) Consider T G 3 — A°^V and an ordered set E. 

Roughly speaking, T(i?, G, H) is the total object of T(_E, — , — ) eval- 

uated at F. 

However, when _E 7^ it turns out that T{E, — , — ) G (A+ x A+)°P, whereas 
T(0, — , — ) G 2 — A°jV. Therefore, we introduce the following notations. 
Given E G A+, we define 



l:n- A°V 



n - A°V V -.n- A°V 



n - A°V . 




where Tot : (A+ x A+)°D 



AlV is defined as Tot+ in 11.3.121 



We define also 
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Lemma 1.4.8. There exists functors Tot^o),Tot(^2) ■ 3 - A\_V -^2- A\_V, 

such that 

[rot(o)(T)](^,F) = [Tot*{T{E,-,-mF) and 

[Tot^,^iT)]iE,F) = [Tot*{Ti-,-,FmE) 

for any T in 3 — A°_^V. 

Proof. Firstly, it suffices to prove the statement for Tot{Q){T). In this case, if 
i? e 3 - A;l? is given by R{E, F, G) = T{G, F, E), we have that Z = fot(o) (R) 
is a biaugmented bisimplicial object. Note that Tot(2){T) is just the object in 
2 — A°^T> obtained by interchanging the indexes E and F in Z. 
Let us check that fot(o){T) is in fact in 2 - A^V. Given {f,g) : {E',F') 
{E,F), then 

[T^t(o)(T)](/,5) : [f^i(o)(T)](E,F) ^ [f^t^,){T)]{E' , F') 

is induced by T in a natural way. 
To see this, we have that 

[f^t(o)(T)](E,F)= U r(E,Fo,FO; [f^t(o)(T)](i?',F')= T{E' , f;,, F[) . 

F=Fo+Fi F'=F^+F{ 

Given Fq and Fi with F = Fq + Fi, set i^' = g-\Fi), Qi = g\F> : Fl ^ Fi for 

i = 0,1. 

Then 

[f^t(o)(T)](/, (7)|t(e,Fo,fo = T{f,go,gi) : T(F,Fo,Fi) ^ T{E\Fi,F[) , 
and clearly Tot{Q){T) is functorial in {f,g)- □ 

Proposition 1.4.9. T/ie functors Tots , TotoTot{Q) and TotoTot{2) are iso- 
morphic. 

In other words, given T e 3 — A°T>, there are canonical and functorial isomor- 
phisms 

f^ts{T) ~ r^(r^(o)(r)) f^ts{T) ~ T^t{f^t\^-^{T)) . 

Proof. By definition 

[f^ts{T)]{E) = W T{Eo, Fi, F2) . 

Clearly, the sets 

{(Fo, Fi, F2) e 3 - A I F = Fo + Fi + F2} 

{(F, G) X (Go, Gi) e (2 - A) X (2 - A) I F = F + G and G = Go + Gi} 
{(F, F) X (Fo, Fi) e (2 - A) X (2 - A) I F = F + G and F = Fo + FJ 
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arc bijcctive. Hence, after reordering the terms in the coproduct defining 
[Tots{Z)]{E) we obtain canonical isomorphisms 



E=F+g\g=Go+Gi J E=F+G 

E=F+g\f=Fo+Fi / E=F+G 

Therefore, for every f : E' ^ E it holds that [f^(f^[o)(^))](/)°(^fi = (^E'o[f^t3{T)]{f) 



(and similarly for p). 

Consider Ei, z = 0, 1, 2 with E = Eq + Ei + E2. 

Then [T^h{T)]{f)\TiEo,E,,E,) = T(/o,/i,/2) : T{Eo,E,,E,) ^ T{E'„ E[, E',), 
where E', = f-\Ei) and fi = /U^ for i = 0, 1, 2. 

In addition, the restriction of aE' to T{E'q, E[, E2) is the identity on the same 
component of Tot^Q-^{EQ, E[ + E'^). 

On the other hand, the restriction of ge to T{Eq, Ei, E2) is the identity on 
the same component of Tot(o) {Eq, E1+E2), whereas the restriction of [Tot{Tot^Q^ (T))] (/) 
to roi(o)(^o, El + E2) is Totlo^ifo, fi + /2), since f\f-i(Eo+Ei) = /o + /i- 
Finally, Toi(o)(/o,/i + /2)|t(Bo,Bi,B2) coincides with r(/o,/i,/2) by definition, 
and the proof is concluded. □ 

The above proposition also holds for the functor Tot. 
(1.4.10) Consider T e 3 - A°V and n > -1. We define 



Corollary 1.4.11. There exists functors Tot (^0), Tot(2) : 3-A°X> ^ 2-A°X> 



Moreover, the functors Tot^, TotoTot(^o) o,nd TotoTot{2) : 3 — A"© — > A°25 are 
zsomorj?/wc. 




Similarly, 




such that 



[rot(o)(T)]([n], [m]) = [f^t*(T(N, -, -))](N) anc/ 
[Tot(2)(T)]([n],[m]) = [f^t*(T(-, -, [m]))]([n]) . 
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Proof. We have that Tot(o) = 1oTot{Q-)°V , and the same holds for Tot(2). More 
specifically, given T G 3 — A°X> then 

[Xof^t(o)oP(T)](M, [m]) = [f^t(o)oP(T)](M, [m]) = [f^t* {{VT){[n], -))]([m]) , 

that agrees with [Tot*(T{[n], —, —))]{[in]) since Tot and Tot^ are obtained from 
Tot and Tot by composition with X and V. 

Consequently Tot^Q^ and Tot(i) are functors, and the statement follows from 
[TXQ] together with VI ~ /rf. □ 

1.5 Simplicial cylinder object 

In this section we introduce the simplicial cylinder object, that is a generaliza- 
tion of the simplicial cone object Cf associated with a morphism f : X Y 
between simplicial objects in V, II. 3. 171 

Definition 1.5.1. Let be the category of pairs (/, e) consisting of dia- 

grams in A°D 



X 



Y 



X_i X A. 

A morphism in Q(V) is a triple (a, P, 7) : (/, e) — (/', e') such that 



X_i X A 



X 



X'_,xA^X 



f 



Y 



Y' 



commutes. 

In a similar way, we will denote by CoQ{V) the category whose objects are the 
diagrams in A°T> 



X 



X_i X A. 



Y 



(1.5.2) Let ip : Q(T>) — 2 — A^D be the functor that maps the pair (/, e) into 
the biaugmented bisimplicial (11.61) of 11.3. 5[ 
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Definition 1.5.3 (Simplicial cylinder object). 

The simplicial cylinder functor Cyl : Q{V) —>■ A°T> is the composition 

n{V) ^ 2 - A;P ^ A°I? . 
In other words, Cyl{f, e) = Tot{ip{f, e)). 

(1.5.4) Having in mind the description 11.3.10] of Tot, the functor Cyl can be 
described as follows. 

Denote by Ui : [n] [1] the morphisms in A with 'Ui([^]) = i, if « = 0, 1 and 

A„ = {a : [n] [1] | a ^ uq, Ui} . 

Given a : [n] ^ [1], we will identify the ordered set cT^^(i) with the correspond- 
ing object in A+ for i = 0, 1. Then 

[Cylif,e)]i[n])= ]} CylU.et\ 

where 

{Y{\n]) if a = Ml 

[Cyl{f,t)]^^^ = \x^, if a = Mo 

{X{a-\l)) ifaGA.. 
If 6 : [m] [n], the restriction of 6 = [Cyl{f,e)\{6) to the component indexed 
by (a) is 

'X(e|(^,)-i(i)) : X{a-\l)) ^ X{{a9)-\l)) if G A„ 

y(^) : y([n]) ^ F([m]) if a = Mi 

©I W = { /([m])oX(^|(,,)-i(i)) : X((T-i(l)) ^ r([m]) if a G A. and = Mi 

Id : X_i X_i if 0" = Mo 

e(cr-i(l)) : X{a-\l)) X_i if a G A„ and aO = . 

(1.7) 



(1.5.5) More specifically, Cyl{f,e) is in degree n 

Cyl{f, e)n = YnU Xn-i U X„_2 U ■ ■ ■ U Xo U X_i . 

The face maps rfj : Cyl{f,e)n C?//(/, e)„_i are given componentwise by 
(ij|y„ = (if, and ifl<A;<r;, + l then 

c^iU„_fe = < Idx„_^ if i<k and (A;,i) ^ (1,0) 
[ /„_i if (fc,z) = (l,0) 
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where (Iq = eo : Xq ^ X^i. Visually, if 1 < i < n, then di i 



IS 



F„ U X„_i U X„_2 U • • • U X,_i U X,_i_i U • • ■ U Xo U X_ 



whereas do is 



Id 



■ U X„_i_i U • • ■ U Xo U X_i , 



Yr, U X„_i U X„_2 U X„_3 U ■ ■ ■ U Xo U X_i 



/d 



Id 



Yn-l U X„_2 U X„_3 U • • • U Xo U X_i . 



The degeneracy maps Sj : Cyl{f,e)n — > Cyl{f,e)n+i are defined as Sj|y„ 
sj' and given 1 < A; < n + 1 then 



sf_, if J > A; 



that is to say 



Yn U X„„i U X,_2 U 



U Xn-j U X„_j_i U ■ ■ ■ U X_i 



'J / / 



^0 



Id 



Id 



Yn+1 U Xn U X„_i U • • • Xn-j+1 U X„_j U Xn-j-1 U • • • U X_i . 



(1.5.6) Given D : X_i x A X ^ F in n{V), it follows from [TX7I that 
the canonical morphisms 

lYn ■ Cyl{D)n and ix_^X-i -> Cyl{D)n 

induce the following diagram, natural in (/, e). 



X 



Y 



'l.i 



X„i X A — i Cyl{D) . 

Note that if is an initial object in T>, the morphisms ix^i and iy are just the 
image under the functor Cyl of the maps 



lY 



X_i X A 

Id 



^ 



/ 







^ Y 



Id 



X_i X A X F 



/ 



x_i X A X r. 
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since Cyl{X^i x A ^ ^ 0) = X_i x A and Cyl{0 ^O^Y) = Y. 

Remark 1.5.7. Let Fl{A°V) be the category of morphisms in A°D. 

If V has a final object 1, consider the inclusion X : Fl{A°V) Q{V) that maps 

the diagram 1 < — X — > Y into the morphism f : X Y. 

Hence I is right adjoint to the forgetful functor U : n{V) Fl{A°V), U(X, /, e) = 

/, and the simplicial cone functor C : Fl{A°V) A°V is CyLI. 

Given X G A°T>, CX will mean C{Idx), and if S is an object in V, Cyl{S) 
will denote Cyl{S x A, IdsxA, IdsxA)- 

Next we study some of the properties of the functor Cyl. 

Proposition 1.5.8. The functor Cyl : Q,{V) A°V commutes with coprod- 
ucts, that is 

Cylif, e) U Cylif, e') ^ Cyl{f U /' , e U e') . 

Proof. The statement follows directly from the commutativity of the functors 
and Tot with coproducts (see 11.3.151) . □ 

The proof of the following proposition will be given later in 11.7.151 

Proposition 1.5.9. For every D : X_i x A X ^ F in Vt{V), the dia- 
gram (II. 8p commutes up to simplicial homotopy, natural in D. 

Proposition 1.5.10. Given a commutative diagram in A°T> 

X (1.9) 

/ 

X_i X A T X A , 

there exists a unique H : Cyl{f, e) — > T x A such that Hoix_^ = p and Hdy = 
p' . Equivalently, 



X ^ Y 




In addition, H is natural in (11.91) . 
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Proof. The data T, p and p' allows to construct +Z G (A+ x A^)°V from 
^(/, e). The restriction of +Z to 2 - A;P is ^(/, e) and = T. 

Hence, the morphism Hq : YqU X_i T with ifg |yo= Po' -^o U_i= P is an 
augmentation of Cyl{f,e) by I1.3.8I 

Moreover Hq is the unique morphism such that HQoix_^ = po and HqoIyq = p'q. 
We deduce from 11.2.61 that Hq induces H : Cyl{f, e) — > T x A with Hn = 
Ho^ido)"^, and such that Hoix_^ = p : X_i x A ^ T x A and Hoiy = p' :¥ ^ 
T X A, because these morphisms agree in degree 0. 

Since H is determined by Hq, it follows that H is the unique morphism satisfying 
the required equality, and H is natural in f 1 1.9 1) because Hq is so. □ 

Now we develop a property of Cyl that will be needed later for the study 
of the relationship between simplicial descent categories and triangulated cat- 
egories. 

(1.5.11) We have that A°P has coproducts because T) has. Then we can 
consider the cylinder functor of a morphism f : X ^ Y between bisimplicial 
objects, where X has an augmentation e. This can be an augmentation with 
respect to any of the two simplicial indexes of X. Therefore we need to introduce 
the following notations. 

Definition 1.5.12. Consider the category QP'\/\°V) whose objects are the 
diagrams 

A X Z_i Z — ^ T , 

,1 , . 1 . ry ^n.m ry fn.m rri 

that m degree n, m is ^-i,m ^n,m ^ ^n.m • 

Hence, the functor Cyl^^ajy : fi(^)(A°D) ^ I\°/\°V is 

Cy^\^°vi.f 1 ^)n,m = Tn^m U -^n— l,m U • • • U Zq„i U Z-i ^ . 

If a : [m'] [m] then e)](/rf, a) : Cy/^^l/^ e)n,m ^ Cyl^lljy{f,e)n,m' 

is 

T{Id, a) U a)U UZ{Id, a) U , 

whereas if f3 : [n'] [n], we define [Cyl^^ljy{f,e)]{(3, Id) : Cyl1lj^{f,e)n,m ^ 



m. 



Cyl)^ox,{f,^)n',m using the formulae (11.71) . by forgetting the index 

The category n^'^\A°T)) is defined in the same way, but considering the 
diagrams 

D : Z_iX A Z — ^ T ■ 
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Similarly, we define the diagram : f](2)(A°p) ^ A°A°P by applying 

Cyl to the second index of the diagram D. Then, we obtain the following square 
of functors 



;i.io) 



(1.5.13) As happens with Cyl, we have the canonical inclusions of A x Z_i 
(resp. Z_i X A) and T in Cyl^^o-p (resp. Cyl^^l^). 



(1.5.14) Assume that the following diagram commutes in V 




1.11) 



Consider fll.llj) in A°T) through the functor — x A. Applying Cyl by rows and 
columns we obtain 

Cylif,9') ^ Cyl{f,g) Cyl{f",g") 



Cyl{a', a) 
Then the diagrams of A°V 



G 



CyliP',P)^Cyli^',^). 



^ 'y 

Y' t ■ Y ■ ^ Y" 



g" f" 



Cylif, g') ^ Cylif, g) Cyl{f", g") Cyl{a', a) ^ Cyl{P', (3) Cyl{i , 7)- 

give rise to the morphisms between bisimplicial objects 

: A X Cyl{i,^) Cyl^^.^{p' x A,p x A) 
: Cyl{f\ g") x A ^ Cy/2^(A x F, A x G) 



Y" 
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Lemma 1.5.15. Under the above notations, there exists a canonical morphism 
e : Cyl''^l^{A X F,AxG)^ Cyl^^o^{p' x A,p x A) zn /\°A°V, such that the 
following diagram commutes 



Cyl^^.j,iA xF,AxG) 



Cyl{r\g")xA 







AxCy/(y,7) 



Ci//2^^(p'x A,px A) 



Proof. Set A.. = A X A X A G A°A°'D ii AeV, as well as /i.. = /i x A x A if 
/i is a morphism in V. The diagram of A°A°'D 



Z' 



Z.. 



Z" 



X' 



X.. 



Y' 



Y.. 



13'.. 



X" 



Y" 



A X Cyl{a', a) ^ Ax Cyl{(3', /3) — A x Cyl{y, 7) — Cyl^lUA xF,AxG) 

(1.12) 

where each i is degreewise the canonical inclusion given by the coproduct, is 
commutative. fll.l2p is in degrees n, m 



AxF 



■Cylif',g')xA 

px A 

^Cylif,g)xA 

p'xA 

Cylif",g")xA 



Z' 



-X' 
-X- 

/3' 

-X" 



r 



Y' 



Y 



Y' U ^' U Z' 



YU]YXUZ 



Y" 



Z" u]Y^ZUZ' ^X"U]Y"XUX' ^Y"U]Y"YU Y' 



Y" U U" ^" U Z" 



T 



where T,,„ = (F" U JJ™ U {X" U\X"XUX')U {Z" U\X"ZUZ'). 

On the other hand, if i? = Cyl]^i^{p' x A, p x A), we have that 

m 

Rn,m = {Y" U U" X" U Z")U Y[{YU]YXUZ) U {Y'U JJ" X' U Z'), that is 
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obtained by reordering the coproduct in Tn^m- 

Therefore, let Qn,m '■ Tn^m Rn,m be the canonical isomorphism that reorders 
the coproduct. 
It is clear that 



Y"U\YX"UZ" 




{Y" u U" u r) u u ]Jx u X') u [z" ujjzuz') 



(Y" u U"^" u z") u ]J(y u ]Jx u z) u (y u ]Jx' u z') 



is commutative, and similarly Qn,m°im = ^n,m- 

Hence, it remains to show that © = {©n,m}n,m is a morphism of bisimplicial 
objects. 

Following the terminology in 11.5.41 write Tn^m = Cyl^^ojj{A x F,A x G)n,m as 



,"0\ 



On the other hand, Rn,m = Ci/^a°©(p' x A,p x A)„_m is 

Cyl{r,g'X^U n Ci//(/,<7)^UCi//(/',^')n° = 

peAm 

Then, Qn,m maps the component (p, a) of T„_m into the component (a, p) of 

If 6 : [n'] — > [n], the verification of the equalities Qn',m°T{6, Id) = R{6, Id)oQn,m, 
and Qrn,n'°T{Id,6) = R{Id,6)oQrn,n is a straightforward computation. 
Let us see, for instance, the first equality, because the second one is totally 
similar. We have that 



T{e,id)\^,,^) = { 



Id : 


cyi{p',py„^- 


.Cyl{P',pr^ 


if p9 E A„' 


F 

^ m 


■.Cyl{P',pr^- 


^Cyl{i,^Y^ 


if p6 = ui and p E An 


^ Gm 


:Cyl{P',py^ 


^Cyl{a\a)2 


if p9 = uq and p E An 


Id : 




^Cyl{i,i)2 


if p = Ml 


Id: 


Cyl{a',a)2 - 


^Cyl{a\a)2 


if p = Mo ■ 
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Note also that the restriction of R{9^ Id)oQn,m to the component (p, a) agrees 
with the restriction of R{9,Id) to the component (ex, p), that is by definition 



i?(^,7d)|(.,,) = { Cylif",g")ie)\^,,,) : Cylif'^g'X' - Cyl{f",g") 
Cyl{f,g'm\(,,,) : Cylif^g'Tn' ^ Cylif'.g'YJ 



n' 



if (7 e 
if (7 = 

if (7 = 1^0 ■ 



We remind that 



Cyl{f,g){e)\^,,,) 



Id : X^'P X^'P^ if p9 e A, 

Id : ^ if p = -ui 

Jrf : Z<^'"o ^ X'^'^o if p = Mo 

g : X'^'^ ^ Z'^'^o 



if p G A„ and p9 = ui 
if p e A„ and p9 = Uq , 



and analogously for Cyl{f" , g"){9)\(a,p) and Cyl{f\ g'){9)\^a,p)- 
Assume that p9 e A„/. Then 



X"P,ui _^ x"P^'''^ if cT = Ml 
XP^'^ XP^^" if (7 e A„ 
X'P,«o ^ x'P'^.^o if cr = . 



Hence, the result of interchanging the indexes in the above formula is 



Id : X'^''' ^ X'^''"' 

Id ' X'"°''' > j^/uo,p6 



Qn,m°T{9, /0?)|(p,o.) = 

and the equality holds as in the remaining cases. 



if O" = Ml 
if cr G Am 
if (7 = Mo 



□ 



Definition 1.5.16 (Simplicial path object). 

The simplicial path functor Path : Coil{V) — > AD is just the dual notion of 
Cyl, consequently it satisfies the dual properties included in this section. 



1.6 Symmetric notions of cylinder and cone 

The biaugmented bisimphcial object Z associated with an object (/, e) in Q{T>) 
is clearly asymmetric, and we could consider as well the object Z' obtained from 



43 



Z by interchanging the indexes. The total simphcial object of Z' is another 
cyhnder object associated with (/, e) that will be studied in this section. 

(1.6.1) Let op : A — > A be the isomorphism of categories that 'reverses the 
order', introduced in II. 1.51 Denote by T : A°P A°P the functor obtained 
by composition with op. 
Therefore 



(TX)„ = X„ d 



^n—i ■ ' ^n— 1 '^j 



rx 



Let T : Q(T>) Q(T>) be the induced functor, that is also an isomorphism, and 
is given by T(/,e) = (T(/),T(e)). 

The result of "conjugate" the cylinder functor Cyl with respect to T is the 
following alternative definition of cylinder. 

Definition 1.6.2. Set Cyl' = ToCyLT : n{V) A°V. 

Given X_i x A ^ X F in n{V), then Cyl'{D) is in degree n 

Cyl'{D)n = YnU Xn-l U • • • U Xq U X_i. 



The face morphisms d. 



Cyl'(D) 



: Cyl\D)n Cyl' {D)n-i are defined as 



^Cyl'(D) I _ ,y ^CyV{D) , 



df i<k 

Id i > k {i, k) y^{n,n — l) 
fn-i ii,k) ^ {n,n- 1) 



The degeneracy maps s 



Cyl'(D) 



CyV{D) 



: Cyl'{D)n ^ Cyl'{D)n+i are 

Y Cyl'{D) 



X 

j 

Id j > k 



sj j <k 



Visually, for < i < n, df^'' is 



Yn U Xn-l U X„_2 U ■ ■ ■ 

ar\ 5.X^ 

Yn-l U Xn-2 U Xn~3 U 

The case z = n is 



U Xi U Xi_i U ■ ■ ■ U Xo U X_i 



Id 



Id 



Id 



U Xi_i U ■ ■ ■ U Xo u x_ 



Yn U Xn-l U Xn-2 □ X„_2 U • • • U Xq U X_i 



Id 



Id 



Id 



Id 



Yn-l U Xn-2 U X„_2 U • ■ ■ U Xq U X_i . 
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Finally s^^' is expressed as 

^yX 



U U Xj_i u 

Id 

Xj+i U U Xj_i u 



■■ U Xo U X_i 



Id 



Id 



■■ U Xo U X_i 



(1.6.3) Again, it follows from the properties of Tot the existence of canonical 
inclusions 

X_ix A^Cy/'(/,e) Y^Cyl'if,e). 



The next result is a consequence of the definitions of Tot and Cyl'. We 
denote by 

r : 2 - A+ — ^ 2 - A+ 
the functor that interchanges the indexes of a biaugmented bisimplicial object. 

Proposition 1.6.4. The functor Cyl' : n{V) A°V agrees with the compo- 
sition 

n(V) ^2-A+^2-A+^ A°V , 



where ip is the functor given in (11. 5. 21) . 

In other words, the simplicial object Cyl'{f, e) coincides with the total object 
of the biaugmented bisimplicial object obtained by interchanging the indexes in 
(II. 6p . that is to say 



X_i Xo 



X_i Xo 



X_i ^ Xo 



Yn 



Xi < X2 




Xi < X2 



Xi < X2 



Yo 



X, 



X, 



X, 



Y. 



Remark 1.6.5. The functor Cyl' satisfies as well the analogous propositions 
to [TXSlfTXQ] and 11.5.101 that we will labelled as fTXS? . fTXOt and II. 5.101 . 
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Definition 1.6.6. If T> has a final object, the following alternative notion of 
simplicial cone is induced by CyV 



C = ToCoT : F/(A°P) ^ A°V . 



The following proposition will be useful in the next chapter, and it will be a 
key point in the study of the relationship between the cone and cylinder axioms. 



(1.6.7) Consider a commutative diagram in A°V 

X_i X A -t U^i X A 

y 

Yli X A /3 



1.13) 



X 



u 



Y 



V 



We will denote by 

U_,xA^ Cyl'ig, P) ^ Cyl'if, a) 
the object of Q{V) obtained by applying Cyl' in one direction, and by 

Y_,xA^ Cyl{q, /3) ^ Cyl{p, 7) • 
the result of applying Cyl to fll.131) in the other sense. 



Proposition 1.6.8. There exists a natural isomorphism in f ll.isp 

Cyl'{uX)^Cyl{t,5) . 

Proof. We can add in a suitable way two new simplicial indexes to each sim- 
plicial object in f ll.lSp in order to obtain a 3-augmented 3-simplicial object T 
(see ll.4.2|) . In other words, for z, j, /c > define 



-l,k 



X, 



It follows from OHU that TotoTot(^o){T) ^ TotoToti2){T). 

If i > 0, we can fix as i the first index of T and apply Tot^ . The result is 
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the augmented simplicial object Cyl'{g,P) U-i x A, whereas ii i = 
obtain C|//'(/, a). Hence 

(Cyl'ig,/3)m ifn,m>0 
Tot(o)(T)([n], [m]) = lu , if m = -1 

[cyl'if,a) ifn = -l . 

Then, Tot^Q^iT) is the biaugmented bisimphcial object associated with 



-1 we 



Cyl'{f,a) 



Cyl'{g,P) 



U-i X A 



in (f03|l . so TotoTo^o){T) = Cyl{t,6). 

On the other hand, if we fix /c > in T and apply Tot~^ we get Cyl{q, f3) — > 
y_i X A, whereas setting k = —1 and applying Tot we obtain Cyl{p,'j). Con- 
sequently, 

{Cyl{q,/3)n ifn,m>0 
F_i ifn = -l 

Cyl{p,'y)n if m = -1 . 
Therefore TotoTot(2){T) = Cyl'{u,(), and we are done. □ 

Corollary 1.6.9. Let f : A ^ B and g : A ^ C morphisms in V. Then 

Cylif xA,gxA)^ Cyl'{g x A, / x A) . 

Moreover, this isomorphism is compatible with the respective inclusion of B x A 
and C X A into both cylinder objects. 

Proof. Let be the initial object of T>, and D. be the constant simplicial object 
D X A, for every object D in V. It is enough to apply the above proposition to 

V 

B. 



C. 



0. 



0. 



0. 



0. 



and note that Cyl'{D. ^ 0. ^ 0.) = Cyl{D. ^ 0. ^ 0.) = D. for any D in 
V. In addition, since the isomorphism obtained in this way is just to reorder 
a coproduct, it is clear that the canonical inclusions of i? x A and C x A are 
preserved. □ 
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1.7 Cubical cylinder object 

The construction developed in this section is just a generahzation of the cubical 
cylinder object Cyl{X) associated with a simplicial object X in V, 11.3. 181 

Definition 1.7.1. Let Di be the category 

• • ^ • 

Then, if we fix a category C, the category DjC has as objects the diagrams in C 

9 f 

that will be represented by {f,g)- 

The morphisms in DJC are commutative diagrams 

Z ^ X ^Y 

Z' ^ X' ^ Y'. 

Similarly, DiC is the category whose objects are diagrams 

9 f 
Z X^^Y . 

Definition 1.7.2. Define the functor $ : U\IS.°V ^ 2 - lS.\V as follows. 
Given {f^g) G DjA"©, the biaugmented bisimplicial object ^{f,g) is 

T : T_i. T.+ T.,_i , 

where T+ = £)ec(X)|AxA (see ll.S.lSl) . T_i . = Y. and T. _i = Z.. In other words 

{X,+j+i ifz,j>0 

Yj if z = -1 

Z^ ifj=-l. 

Visually, T can be visualized as 
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X, 



if y y 

Yi^ X 



Xi 



<f y y 

X 



X, 



X, 



« y " 

X 




x« 



x. 



X, 



x^ 



^1 



The horizontal augmentations, e„ : X„ — > are equal to fn-ido, whereas 

the vertical ones, ■ X„ — > are gn-\dn. 

Definition 1.7.3 (Cubical cylinder object). 

We define the cubical cylinder functor Cyl : n\/^°V — > A°I> as the composition 

□° A°X) 2 - A°r> . 

In other words, Cyl{f,g) = Tot{^{f, g)), that is in degree n 
C^l{f, g)n = y„ U X„U UX„ U Z„ . 

(1.7.4) Equivalently, consider the maps Ui : [n] — > [1] given by tii([?T']) = i, 
i — 0,1, and let A be the set of morphisms o" : [n] — > [1] different from uq and 
1*1. Then 

C^l{f, g)^ = OylU, g)l^ U JJ C^/(/, g)l U C^/(/, 5);;° , 

where OylU^gTn' = Yn, C^Kf,g)7 = and = X„ Va^A. 

If ^ : [m] — > [n] is a morphism in A, it follows that the restriction of Cyl{f, g) {9) : 

Cyl{f,g)n Cyl{f,g)m to the component a e A/[l] is 

X(^):X-^X-^ ifa^eA 

f^X{e) : X- ^ y^^i if (7 e A, (7^ = 

(?^X(^) : X^ ^ if a e A, (7^ = i^o 

r (^^) : Y:^ ^ if a = «i 

Z{9) : Zl- ^ Z-^ iia = Uo. 



Cyl{f,gm\ 
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(1.7.5) Consider Z X — ^ Y in D^A"©. The canonical morphisms 

jYn : Yn Cyl{f,g)n and jz„ : Cyl{f,g)n 
give rise to the following diagram, natural in (/, g) 

X — (1.14) 

Z^C^l{f,g) . 



Remark 1.7.6. If X is a simplicial object in T>, then Cyl{Idx, Idx) is just 
Cyl{X), the cubical cylinder object associated with X, that was introduced in 
ll.H.lHl 

Remark 1.7.7. We will explain here why the cylinder considered in this sec- 
tion is called "cubical" . 

Firstly, the category DjC is a subcategory of the category of (all) "cubical 
diagrams" in C introduced in |GNj . If C has coproducts, there exists a functor 

□°C -* AlC 

that assigns to Z — X — in C the strict simplicial object i?(/, gf) given 
by 



V\ I z ^ ^X ^^^= ^^^^ , 

where if the initial object in C. 

On the other hand, we have the Dold-Puppe transform vr : A°C A°C (see 

[TXT6I1 . 

Setting C = A°V, then n{E{f,g)) e A°A°V, and its diagonal is just Cyl{f,g). 

Proposition 1.7.8. The functor Cyl : U\A°V A°V commutes with co- 
products, that is 

OylU, g) U OylU\ g') ^ C^Kf Uf',9U g') 

Proof. The statement is a consequence of the commutativity of $ and Tot with 
coproducts. □ 
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Proposition 1.7.9. Given Z ^ X m n^A"!), the diagram ffmi ) 

commutes up to simplicial homotopy equivalence, natural in {f,g)- 

Proof. Applying Cyl to the following morphism of DJA"!? 



Id 



X 



Y 



we obtain H : Cyl{X) Cyl{f,g). 

Following the notations introduced in 11.3.191 from the naturality of fll.l4p we 
deduce that the diagram 



X CyliX) 



H 



Cyl{f,g) 



- X 
f 
Y 



commutes. Then Hd = jyof and HoJ = jz°g, therefore jyo/ ~ jz°g- 



□ 



Remark 1.7.10. The functor Cyl also satisfies an analogue of 11.5. 10"| that 

will not be used in this work. 

Given a commutative diagram in A°V 



X 



f 



Y 



T, 



;i.i5) 



there exists a morphism, natural in f ll.lSp . H : Cyl{f, ; 
p and HoJy = p', that is 




T such that Hojz 



Indeed, it is enough to consider H such that Hn\x„ 
Xn denotes a component of Cyl{f,g)n- 



Pnfn ■ -^n 



Tn, where 
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Remark 1.7.11. A property of "factorization" (similar to 11.5.151) also holds 
for Cyl, with respect to a diagram (11 .111) of simplicial objects (introduced in 
11.5. 141) . This property will not be used in this work. 

Next we study the relationship between Cyl and Cyl (in those cases in which 
they are comparable). 

The following result is a direct consequence of the definitions of Cyl and 
Oyl. 

Proposition 1.7.12. // C ^ B is a diagram in V, then 
CylU xA,gxA) = OylU xA,gxA) . 

Proposition 1.7.13. Let Z ^ X ^ Y be a diagram in A°V. Then, fol- 
lowing the notations given m il. 5.121 the diagonal simplicial object of the bisim- 
plicial object Cyl^^o-jy{A x f,A x g) is equal to Cyl{f,g). 
Similarly, DCyl^^l^if x A,^ x A) = Cyl{f,g). 

Proof. The bisimplicial object T = Cyl^^oj){A x f,A x g) is 

Tn,m = Y^U Xi"-^) U ■ ■ ■ U U 

where Xm = Xm Vi = 1, . . . , n. The face maps df^ : T„^m — > T„^m-i respect 
to the second index are d\ = dl UdfU--- Udf U df , and analogously for the 
degeneracy maps : Tn,m Tn,yn+i- 

On the other hand df^ : Tn^m ^n-i,m is 'ifVm = -^'^^ 4^^U„ = Id and 

^ Id : X^-"^ Xi::-'-'^ ifi>k and {k, t) ^ (1, 0) 
Id : Xi""'^) ^ X^-^^ iii>k and (k, i) ^ (n, n) 



i I Y^^~^^ 



fm-.X^r'^^Yrr^ if (A;, = (1, 0) 

gm : x!n^ Zm if {k, i) = {n, n) 

The degeneracy maps are built in a similar way using the definition of Cyl. 
Clearly, the diagonal of T, DT, coincides with Cyl{f,g). The last statement 
follows from the commutativity of diagram fll.lOp and from the fact DF = 
D. □ 

f 

Proposition 1.7.14. // X_i x A ^ X is a diagram in A°V, then 

Cyl{f,e) is a retract of Cyl{f,e) . 

In other words, there exists morphisms a : Cyl{f, e) — » Cyl{f, e) and (3 : 
Cyl{f, e) Cyl{f, e) such that Pa = Id. 

In addition, a and (3 are natural in (/, e) and commute with the inclusions of 
X_i and Y into the respective cylinders. 
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Proof. We have that 

a„ : r„ U X„_i U ■ ■ ■ U Xo U X_i ^ F„ U X^^-'^U UXf U X^, 

is defined as the identity on F„ and and on X„_;c is {sqY • -^n-fc — ^ 
It holds that a commutes with the face morphisms, since 

an-idi\x„_k = { {sof'^ Hi < k and {k,i) ^ (1,0) , 



{n-k) 



fn-1 if (A;, = (1,0) 



whereas 



dfiso)'' if i>k 
dian\x„-k = { di{so)'' Hi < k and {k,i) ^ (1,0) . 
fn-idoso if {k,i) = (1,0) 

The equahty {sQ)^di_k = d^(so)^ follows from the iteration of the simplicial 
identity dj+iSo = s^dj if j > 1. 

In addition, since (sq)' = s;_i(so)'~"'^, then di{so)'^ = c?i(so)*(so)'^~* = diSi-i{so)'^~^ 
(sq)^^^. One can check similarly that a commutes with the degeneracy maps. 

On the other hand, /3„ : r„UXl"~^^U UXi°^UX_i r„UX„_iU- ■ -UXoUX.i 
is the identity on F„ and and on X^ ''^ is {do)'' : X^ ^'^ Xn-k- 
We deduce again from the simplicial identities that (3 is in fact a morphism in 
A°P, as well as the equality (3a = Id holds, and it is clear that the inclusions 
of Y and X_i commutes with both morphisms. □ 

Corollary 1.7.15. The diagram (11. 8p given in 11.5.61 commutes up to sim- 
plicial homotopy. 

e f 

Proof. Let X_i x A X — ^ y be a diagram in A°T). It follows from ll.7T9l 
that there exists R : Cyl{X) Cyl{f, e) such that Rd = jyo/ and RoJ = 
jx.^oe. ^ 

Therefore H = f]oR : Cyl{X) — > Cyl{f, e) is such that Hoi = iyof and HoJ = 
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Chapter 2 

Simplicial Descent Categories 



The notion of (co) simplicial descent category is widely based in the one of 
"(co)homological descent category", introduced in [GNj . In loc. cit. the basic 
objects are diagrams of "cubical" nature instead of simplicial objects in a fixed 
category. 

2.1 Definition 

Definition 2.1.1. Consider a category T) and a class of morphisms E in 
T>. We will denote by HdD the localization of V with respect to E, and by 
7 : X> ^ HoD the canonical functor. The class E is saturated if 

a morphism / is in E <^==^ l{f) is an isomorphism in HoT) . 

Equivalently, E is saturated if E = 7~^{ isomorpshisms of HoD }. 

Remark 2.1.2. 

i) If E is saturated, the "2 out of 3" property holds for E. That is, if two of the 
morphisms /, g or gf are in E then so is the third. 

ii) An enough (and necessary) condition for E being saturated is that the 
morphisms in E are just those that are mapped by a certain functor into iso- 
morphisms. In other words: 

If F : P — ^ C is a functor and E = {/ | F{f) is an isomorphism } then E is 
saturated. 

The following lemma will be needed later, whose (trivial) proof is left to the 
reader. 
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Lemma 2.1.3. If is a saturated class of morphisms in a category T> with 
final object 1, then the class of acyclic objects ofV {with respect to E) 



A — {objects A of V \ A ^ 1 is an equivalence} 
is closed under retracts. 

More specifically, if A ^ B ^ A is such that por — Ma and B ^ 1 is an 
equivalence, then A ^ 1 is also an equivalence. 

Proof. By the 2 out of 3 property, it is enough to see that r is an equivalence. 
Let ^ : i? — » 1 be the trivial morphism. Then ^oVop = ^ : 5 — > 1, since 1 is final 
object. Therefore p = Top : B ^ B is in E . 

Thus, the equahties por = Ma and ro{pop^^) = Mb hold in HoV. So p is a right 
inverse of r and pp~^ is a left inverse of r. Consequently r is an isomorphism in 
HoT> with pp^^ = p as inverse. Since E is saturated, we deduce that r e E. □ 

Before going into details with the notion of simplicial descent categories, we 
introduce the following notations. 

(2.1.4) Let C and T> be categories with finite coproducts (in particular initial 

object 0). 

Note that every functor ip : C ^ V is (lax) monoidal with respect to the 
coproduct. The Kiinneth morphism is the one given by the universal property 
of the coproduct 

ax,Y ■■ ^(X) U ijjiY) i){X UY) V X, F e C ; (Jq := ^ ^(0) ■ 

The morphism ax,Y is the unique morphism such that the diagram 

tl}{ix) 



^|J{X) 



W 



commutes. We will denote this natural transformation by a^, or just cr if is 
understood. 

If E is a class of morphisms of V, the functor ip is said to be quasi-strict 
monoidal (with respect to E) if ax,Y and ctq belongs to E for every objects X 
and Y in C. 

Dually, if C and V have finite products then every functor ip : C V is (lax) 
comonoidal with respect to the product. This time the Kiinneth morphism is 
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the canonical morphism : ip{X x F) — > ip{X) x ipiY) given by the universal 
property of the product. 

(2.1.5) Assume that a functor s : A°D ^ P is given. Under the notations 
introduced in 11.1.211 the image under 

A°s : A°A°r' 

of a bisimplicial object T in P is the simplicial object 

(A°s(T))„ = s(T„,.) = s(m ^ T„,„) . 

Definition 2.1.6 (Simplicial descent category). 

A {simplicial) descent category consists of the data (D, E, s, /i, A) where: 

(SDC 1) "D is a category with finite coproducts (in particular with initial ob- 
ject 0) and with final object 1. 

(SDC 2) E is a saturated class of morphisms in X>, stable by coproducts (that 
is E U E C E). The morphisms in E will be called equivalences. 

(SDC 3) Additivity: The simple functor s : A°I? D commutes with coprod- 
ucts up to equivalence. In other words, the canonical morphism sX U sF — > 
s(A: U Y) is in E for all X, Y in A°P. 

(SDC 4) Factorization: Let D : A°A°D A°V be the diagonal functor. 
Consider the functors s(A°s),sD : A°A°I? V. Then is a natural transfor- 
mation li-.sD-^ s(A°s) such that /it e E for all T G A°A°I?. 

(SDC 5) Normalization: A : s(— x A) — Idj) is a natural transformation 
compatible with and such that Ax G E for all X ^V. 

(SDC 6) Exactness: If / : X ^ F is a morphism in /S.°V with e E \/n 
then s(/) G E. 

(SDC 7) Acyclicity: If / : X ^ F is a morphism in A°P, then s/ G E if and 
only if the simple of its simplicial cone is acyclic, that means that s{Cf) 1 
is an equivalence. 

(SDC 8) Symmetry: sT/ G E if (and only if) s/ G E, where T is the functor 
T : A°D —>■ A°V that reverses the order of the face and degeneracy maps in a 
simplicial object in V. 
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(2.1.7) [Compatibility between A and /i] Given X G A°P, we have that 

SoA°s(X X A) = s{n s{m X„)) = s{n s(X„ x A)) 
SoA°s(A X X) = s{n s(m -> X„)) = s(s(X) x A) . 

In the first case, the morphisms Ax„ : s{Xn x A) — > X„ give rise to a morphism 
of simphcial objects. 

The compatibihty condition between A and n means that the following com- 
positions must be equal to the identity in V: 

s((sX) X A) sX (2.1) 

sX ^ s(n ^ s(X„ X A)) ^-^^X . 

Remark 2.1.8 (Comments on the symmetry axiom). 

We will use later the following property of the image under the simple functor 
of the simplicial cylinder associated with a morphism f : X Y and with an 
augmentation e : X ^ X_i x A: 

(*) The simple of / is an equivalence when the simple of the canonical inclusion 

: X_i X A -> Cyl{f, e) is so. 
The converse property will be also needed to prove the "transfer lemma" I2.5.8[ 
at least under some extra hypothesis. 

The symmetry axiom is imposed in order to have the converse statement of (*) 
(see section 123!) • 

However, other possibility is to impose the axiom: s/ G E if and only if 
s(ix_i) £ E, and remove the symmetry axiom from the notion of simplicial 
descent category (in this case (SDC 7) holds setting X_i = 1). 
We decide to do it in this way because the aim of this work is just to establish 
a set of axioms ensuring the desired properties, and we would like these axioms 
to be "less restrictive as possible" . 

An alternative to (SDC 8) is the existence of an isomorphism of functors be- 
tween s and sT : A°V T). But even this property holds in many of our 
examples, it is not true for V = Set and the diagonal D : A°A°X' A°T> as 
simple functor. 

Remark 2.1.9. We consider in V, A°V and A°A°T' the trivial monoidal 
structures coming from the coproduct. Then we have automatically that s and 
A°s are (lax) monoidal functors, with a = as and (Ta°s as respective Kiinneth 
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morphisms (see I2.1.^ . 

In addition the natural transformations A and /i are also monoidal. 

That is to say, these transformations are compatible with a in the following 

sense. Given objects X, Y in "D, the diagram 

s(X X A) U s(F X A) s((X U F) X A) (2.2) 

- ^ ^XUY 

XUY 

commutes. On the other hand, let Z and T be bisimplicial objects in V. Then 
we have the following commutative diagram 

sDZ U sDT sD(Z U T) 

s(A°sZ) U s(A°sr) s(A°s(Z U ¥)). 
Remark 2.1.10. Factorization: 

Recall the functor F : A°A°I' A°A°V that swaps the indexes in a bisim- 
plicial object in T>. In the factorization axiom we may also consider s(A°s)r : 
A°A°'D V. 

Assuming (SDC 4), since DF = D we deduce the existence of the natural trans- 
formation /i' : sD — ^ s(A°s)r given by ^i'{Z) = yu(rZ) and such that fi'{Z) e E, 
VZ G A°A"V. Then 

s(A°s)Zi^DZ — s(A°s)(rZ) . 

Proposition 2.1.11. The axiom (SDC 6) in the notion of simplicial descent 
category can be replaced by the following alternative axiom 
(SDC 6)' // X is an object in A°T> such that X„ ^ 1 is an equivalence for 
every n, then sX 1 is also in E. 

Proof. Assume that V satisfies (SDC 6)' instead of (SDC 6), together with the 

remaining axioms of simplicial descent category. 

Let / : X — > y be a morphism in A°P with /„ G E for all n. 

Then, for a fixed n > we have that s(/„ x A) : s(X x A) ^ s{Y x A) is an 

equivalence, since Ayos(/„ x A) = fn°^x and the 2 out of 3 property holds for 

E. 

Hence, it follows from the acyclicity axiom that sC(/„ x A) ^ 1 is in E, for 
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every n. 

Consider now the bisimplicial object T G A°A°T> defined by 

m 

Tn,m = C{fn X A)„ = U ]J X„ U 1 . 

Equivalently, T is the image under Cyl^^^ of 1 x A x A X x A F x A , 

(see 11.5.121) . Therefore 

s(A°s(r)) = s{n ^ s(m x A)„)) = s{n ^ s(C(/„ x A))) , 

and from (SDC 6)' we deduce that sA°s(T) ^ 1 is an equivalence. 
Moreover, by the factorization axiom we have that fiT '■ sDT s(A°s(T)) 
is in E, and again the 2 out of 3 property imphes that the trivial morphism 
p : sDT — i> 1 is also in E. 

On the other hand, DT = DCyl^^\ 1 x A x A ^ X x A F x A ) that 

agrees with Cf, the image under Cyl of 1 x A^ X — , because of 

proposition 11.7.131 

From [T77.14I it follows that sCf is a retract of sCf = sDT, that is an acyclic 
object. Then we conclude by lemma [2.1.31 that sCf is acyclic, and using the 
acyclicity axiom we get that s/ G E . □ 

The following properties are direct consequences of the axioms. 

Proposition 2.1.12. If f : X -^Y is a morphism between simplicial objects 
in a simplicial descent category T>, then 

sf eE if and only if s{C'f) 1 is an equivalence, 

where C is the "symmetric" notion of simplicial cone, given m ll.6.6[ 

Proof. It follows from the symmetry axiom that s/ G E if and only if sT/ G E. 
By the acyclicity axiom, this happens if and only if sC(T/) ^ 1 is an equiva- 
lence. If r : C(T/) ^ 1 X A is the trivial morphism, then sC(T/) ^ 1 is an 
equivalence if and only if s(r) : sC(T/) s(l x A) is so, because the morphism 
s(l X A) ^ 1 is in E by the normalization axiom. 

Again this condition is equivalent to the fact that s(Tr) : s(TC(T/)) 
s(l X A) is an equivalence, since T(l x A) = 1 x A. Finally, by definition 
Cf = TCT/, and the statement follows from the acyclicity of the object 
s(lxA). □ 
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Proposition 2.1.13. LetV be a simplicial descent category. 
Consider a morphism (a,/?, 7) : D ^ D' in ^{V), 



X_i X A 



X'_^ X A 



X 



X' 



f 



f 



Y 



Y' 



such that an, Pn o-nd 7„ are in E for all n. Then the induced morphism 
s(Cyl(a,(3,^)) : s(Cyl(D)) s(Cyl(D')) is also in E. 

Proof. By definition Cyl{a, P, 7)^ = 7n U Pn-i U • • • U /3o U a. So it follows from 
(SDC 2) that Cyl{a,(3,-f)n e E Vn, and from (SDC 6) that s(Cy/(a, /3, 7)) e 



E. 



Corollary 2.1.14. // 



□ 



X 



X' 



f 



Y 



Y\ 



is a morphism in Fl{A°V) such that /3„ and 7^ are equivalences for alln, then 
sC(/3,7) : s(C/) ^ s(Cf ) is also in E. 



Proof. Just set X_i — 1 and a — Id in the last proposition. 



□ 



Proposition 2.1.15. If I is a small category and Exi, si., Ax), px>) is a 
simplicial descent category then the category of functors from I to T>, IT>, has 
a natural structure of simplicial descent category. 

Given X : A° — > IT>, the image under the simple functor in IT>, srv, of a 
simplicial object X in IT> is defined as 

{siv{X)){i) = sv{n-^ Xnit)) 

and E/x) = {/ such that f{i) e Exi Vi e /}. 

Proof. Define also \ix> and pix> through the identification 

A°(7P) = 7A°r> . (2.3) 

Then, (SDC 1) is clear, since the coproduct in IT) is defined degreewise. The 
verification of the axioms (SDC 3), . . . ,(SDC 6) and (SDC 8) is straightforward. 
To see (SDC 2), let us check that E/x) is a saturated class. 
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Let 7/D : IT^ -^^[E/c] ^-nd 7© : P — > ©[E^^] be the localizations of I'D and 
V with respect to E/x) and Ex> respectively. 

Given an object j in /, consider the "evaluation" functor tcj : IT> — > T>, given 
by n,iP) = PU). 

Then 7D7rj(E/x)) ^ {isomorphisms of ©[E^^]}, and the composition 7D7rj gives 
rise to the following commutative diagram of functors, 

IV 



IT) 



/P[E7^]^D[E^^] . 

Therefore, if / is a morphism in IT> such that '~fiv{f) is an isomorphism, it 
follows that 7D(/(j)) is so for every j E I. 
Hence, /(j) G E© Vj and by definition / e E/x)- 

To check (SDC 7) it is enough to note that, if we denote by Civ ■ Fl{A°IV) 
A°/P and : Fl{A°V) —>■ A°T> the respective cone functors, then (by defini- 
tion of the coproduct in IV), it holds that [C/x)(/)](j) = Cx>{f{j))- 
Finally, (SDC 8) follows from the equality {sj-jy{T f)){i) = Sx>(T/(i)), for each 
iel. □ 

Corollary 2.1.16. If V is a {simplicial) descent category then A°V is so, 
where the simple functor s is defined as 

[s(Z)]„ = s(m ^ for all Z G A°A°V 

and where the class of equivalences is 

Ea°x> = {/ such that fn G Ex) Vn} . 

Remark 2.1.17. Following the notations in fl2.1.5l) and I2.1.1(]l the functor 
s : A°A°X> A°V is the composition A°Sor : A°A°V -> A°V. This follows 
from the identification (12.31) . that now is just F. 

A natural question is if it is also possible to consider A°s as a simple. However, 
this time the transformation A should be a morphism in A°V relating (sX) x A 
to X, and in general this transformation A does not exist. 



Cosimplicial Descent Categories 

Definition 2.1.18. A cosimplicial descent category consists of the data {V, E, s, 
where P is a category, s : AV — > D is a functor, E is a class of morphisms in 
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P, and n : sA°s — > sD and A : Id-z) s(— x A) are natural transformations, 
such that V°, the opposite category of V, together with (E°, s°, A°), induced 
by (E, s, /i, A) in V°, is a simphcial descent category. 

More specifically, a cosimplicial descent category is the data {V, E, s, /i. A) 
where: 

(CDC 1) P is a category with finite products and initial object 0. 

(CDC 2) E is a saturated class of morphisms in V, stable by products. That 

is, given /, G E then / □ (7 G E. 

(CDC 3)Additivity: s : AV ^ V is a quasi-strict comonoidal functor with 
respect to the product. 

(CDC 4) Factorization: If D : AAV AV is the diagonal functor, consider 
s(As), sD : AAV —>■ V. Then fi : s(As) ^ sD is a natural transformation such 
that fi{Z) G E for every Z G AAV. 

(CDC 5) Normalization: A : Idx> — > s(— x A) is a natural transformation, 
compatible with yU, such that for every X eV, X{X) G E. 
(CDC 6) Exactness: Given f : X ^ Y in AV such that G E Vn then 
s(/) G E. 

(CDC 7) Acyclicity: If / : X ^ F is a morphism in AV, then s/ G E if and 
only if the simple of its cosimplicial path object is acyclic. That is, if and only 
if s{Pathf) is an equivalence. 

(CDC 8) Symmetry: it holds that sT/ G E if (and only if) s/ G E. 

2.2 Cone and Cylinder objects in a simplicial descent 
category 

From now on, V will denote a simplicial descent category. The simplicial cone 
and cylinder functors in the category A°V ( section [l.Sp induce cone and cylinder 
functors in V through the constant and simple functors. 

In addition, since D is a simplicial descent category, these functors satisfy the 
"usual" properties (as in the chain complex case or topological case). 
Of course, dual properties to those contained in this section remain valid in the 
cosimplicial setting. 

Again, we mean by HoV the localized category of V with respect to E. 

Definition 2.2.1. Let R : I? ^ I? be the functor defined as R = So(- x A). 
The normalization axiom provides the natural transformation A : R — > Idj), 
such that Ax : RX ^ X G E VX in 
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Therefore, given a morphism / in X> it follows from the 2 out of 3 property and 
from the naturality of A that / G E if and only if R/ G E. 



(2.2.2) Following the notations introduced in ll.5.1l and ll.7.Il the functor — x 
A : D ^ A°V induces - x A : DlV as well as s : A°V V induces 

s : Con{V) DiV. 

Again, we identify Fl{T>) with the full subcategory of \I\\'D whose objects are 
the diagrams 1 X — > F. 

Definition 2.2.3 (cone and cylinder functors). 

We define the cylinder functor cyl : \3\'D — > P as the composition 

More specifically, given morphisms f : A —>■ B and g : A C inV, the cylinder 
of (/, g) G DjP is the image under the simple functor of the simplicial object 
CylifxA,gxA). 

If 1 is a final object in V, the cone functor c : Fl{T>) T> is defined in a 
similar way as c = SoCo(— x A). Hence, the cone oi f : A ^ B is the simple of 
C(/ X A) = Cyl{f X A, A X A ^ 1 X A). 

(2.2.4) We deduce from OS] that if X Y — ^ - Z is in D^P, then ap- 
plying cyl we obtain an object in □I'D, natural in {f,g), consisting of 

RX-^cyl{f,g)J^RZ . 



In the first chapter we have developed other notions of simplicial cylinder 
different from Cyl, that are Cyl and Cyl' (given respectively in ll.7.3l and ll.6.2]) . 
However, the definition of cyl "does not depend" on the choice between Cyl 
and Cyl. On the other hand, if we take Cyl' instead of Cyl in the definition 
of cyl (that is, its conjugate with respect to T), the result is the same as if we 
swap the variables / and g in cyl. 

Proposition 2.2.5. 

a) Given an object C ^ — A — ^ B in it holds that 

cyl{f,g) = s{ail{fxA,gxA)) . 
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b) There exists a natural isomorphism in {f,g) 

cyl{f,g) ^ cyl'{gj) , 

where cyl'{g, f) = s{Cyl'{g x A, / x A)). Moreover this isomorphism commutes 
with the canonical inclusions of Ri? and RC into the respective cylinders. 

Proof. Part a) is a direct consequence of ll.7.12[ whereas b) follows from 11.6.^ 

□ 

Next we introduce some properties of the functors cyl and c that can be 
deduced trivially from the definitions. 

Proposition 2.2.6. Consider a morphism in U\V 

9 f 



X' 



Y' 



r 



such that 7 are equivalences. Then the induced morphism cyl{f,g) — >■ 
cyl{f',g') is also an equivalence. 

Proof. The statement follows trivially from the definition of cyl and from l2.1.13[ 

□ 

Corollary 2.2.7. Consider a commutative square in V 



X 



X' 



f 



Y 



Y' 



such that a and (3 are equivalences. Then the induced morphism c{f) c{f') 
is also an equivalence. 

Proposition 2.2.8 (Additivity of the cone and cylinder functors). 

a) The cylinder functor is "additive up to equivalence" . In other words, given 
{f,g), {f',g') € 0°{D, then the natural morphism 

(Tcyi : cyl{f, g) U cylU\ g') -> cylU Uf,gU g') , 

defined as m 12.1.41 is an equivalence. 

b) The morphism 

a, : c(/) U c(/') c(/ U /') 
is an equivalence for any f, f G Fl{V) if and only if lUl ^ 1 is an equivalence. 
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Proof. The first statement follows from the additivity of the simplicial cylinder 
functor Cyl together with the axiom (SDC 3). 

Indeed, given {f,g), {f',g') G □I'P, we deduce from proposition 11.5.81 that 
acyi : Cylif xA,gxA)U Cyl{f x A, x A) ^ Cyl{{f U /') x A, ((7 U g') x A) 
is an isomorphism. Therefore the following morphism is also an isomorphism 

sacyi : s{CylU x A, (7 x A) U CylW x A, x A)) ^ cyl{f Uf.gU g') . 
On the other hand, we have that 

a, : cyl{f, g) U cyl{f\ g') ^ s{Cylif x A, g x A) U Cylif x A, ^' x A)) 

is an equivalence, and we are done since acyi = sacyioag. 

Let us prove b). The morphism Rl ^ 1 is in E because of (SDC 5), hence 
1 U 1 — i> 1 is an equivalence if and only if Jc? U /(i : Rl U Rl — >■ Rl is so. 
First, if in b) we set / = /' = : ^ then Rl U Rl Rl is just : 
c(0)Uc(0) ^c(OUO) = c(0). 

To see the remaining implication, assume that 1 U 1 ^ 1 is an equivalence. 
If D is an object in "D, denote by the trivial morphism D —>■ 1. 
Given morphisms f : A ^ B and f : A' —>■ B' in T>, it follows from part a) 
that 

a,yi : c(/) U c{f) = cylif, pa) U cyl{f\ pb) ^ cyl{f U /', pA U pa') (2.4) 



is an equivalence. Also, by proposition 12.2.61 we have that the commutative 
diagram 

BUB' AUA' 1 U 1 



Id 



Id 



BUB' 



AUA' 



PauA' 



gives rise to an equivalence cyl{f U /', pA U pA') c{f U f) such that composed 
with ^2M is just (Tc. □ 

Proposition 2.2.9. Consider the following commutative diagram in V 



X 



f 



- Y 

/3 

T . 



(2.5) 
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There exists p : cyl{f,g) — RT, natural in (12.51) . such that pix = R« arid 
piz = Visually 




RT. 



Proof. Just consider the diagram (12.51) in A°V through — x A, and apply s to 
the morphism H : Cyl{f xA,gxA)^TxA given in proposit ion 1 1 . 5 . lUl □ 

Proposition 2.2.10. Given f : X Y inV then f e E if and only if its 
cone is acyclic, that is, if and only if c{f) ^ 1 is in E. 

Proof. It is enough to apply (SDC 7) to / x A, since / G E if and only if 
R/ e E. □ 

Corollary 2.2.11. The class E is closed under retracts. In other words, if 
g : X' Y' is a morphism in E and there exists a commutative diagram in T> 



r P 

X X' X 



(2.6) 



Y 



Y' 



Y 



with pr = Idx, p'r' = My {that is, f is a retract of g), then / G E. 
Proof. The image of (12. 6p under the cone functor is 



c(/) ^ c{g) 



c{f) 



with PR = Idc(f) in V. Since (7 G E, then : c{g) 1 is an equivalence. Hence 
c(/) is a retract of an acyclic object, and from lemma 12.1.31 we deduce that 
c(/) 1 is in E, so / G E. □ 



2.3 Factorization property of the cylinder functor 

This section is devoted to the study of a relevant property of "factorization" 
satisfied by the functor cyl in a simplicial descent category V. This property 
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will be very useful in the following section, in fact it is a key point in the devel- 
opment of the relationship between the notions of simplicial descent category 
and triangulated category. 

(2.3.1) Assume given the following commutative diagram in T> 



g' f 



X 



(3' 



Z" 



X" 



f" 



Y 



Y". 



(2.7) 



Applying the functor cyl by rows and columns we obtain 

cyl{f: 9') ^ cyl{f, g) cyl{f\ g") 

cyl{a',a) cyl{(3',p) — ^ c7//(7', 7). 

Denote by V' : cyl{RY,R^) cyl{5',5) and V' : cyl{Rf",Rg") cyl{f,g) the 
respective morphisms obtained by applying cyl to the morphisms in □^(D): 



R7 R7' 
Ry' ^ RY RY" 



RZ" ^ RX" RY" 



cylif, g') ^ cylif, g) ^ cylif", g") cyl{a', a) J- cyl{P', (3) cyl{i , 7) , 



where / means the corresponding canonical inclusion. 

In the same way, denote by A : cyl{R'y', R7) — >• 0^/(7', 7) and A : cyl{Rf", Rg") 
cyl{f",g") the equivalences obtained from 



R7 R7' 
RY' RY RY" 



RZ" RX" -^-^ RY" 



Y' 



Y 



Y" 



Z" 



X" 



f" 



Y". 



Proposition 2.3.2. Under the above notations, the cylinder objects cyl{S', 6) 
and cyl{f,g) are naturally isomorphic in HoV. 

More concretely, let T be the simplicial object in T> obtained by applying Cyl to 
the diagram Cyl{a',a) <— Cyl{(3',(3) — > Cyl{'y',^). 
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Then there exists isomorphisms \I/ : s(T) — > cyl{6',6), $ : s(T) cyl{f,g) in 
HoT), natural in (12.71) . such that the diagram 




Rcylif",g" 



cylif",g") 



RY" 



R'^Y" 



(2.8) 





ci//(Ry,R7) — 




cyl{Rf",Rg") 



R/ 



Rc?//(y,7) 




cy/(5',5) 



sT 



cyKf,g) 



commutes in HoT>, and the same holds for Z', Z" and Y' . 

Proof. First of all, note that it is enough to prove the commutativity in HoV 
of 

Rcylif, g") cylif, g") ^ cyliRf", Rg") (2.9) 



cyl{5',5) 



sT 



cyl{f,g) 



cyl{R-f', R7) cyl{-f', 7) — Rcyli^y', 7) 



since the remaining squares in diagram (12. 8p commutes because of the defini- 
tions of the arrows involved in them, or because of the commutativity of the 
rest of the diagram, together with the fact that the horizontal arrows are iso- 
morphisms in HoT>. 

Set Cyl{h,t) = Cyl{h x A,t x A) if h,t are morphisms in V. 

Consider diagram 12.71 in A°V through the functor — x A and denote by 



CylU',9') 



CyKf,g) 



Cylif",g") 



Cyl{a', a) ^ Cyl{(3', (3) Cyl{i, 7) 

the result of applying Cyl by rows and columns respectively. We also follow 
the notations introduced in 11.5. 141 for and (f. 

Let 6 : Cyl^^lj){A x F,A x G) C|/^a°x>(p' x A,p x A) be the canonical 
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isomorphism in A°A°'D given in 11.5.151 It is such that the diagram 

C|/4')p(AxF,AxG') . (2.10) 



Cyl{f",g")y<A 



G 



AxCy/(7',7) 



commutes. We will compute the image of the above diagram under the functors 
SoD, SoA°s and SoA°sr. 

Set T = Cyl^^l.p{A x F^x G) and R = Cyl^^o-^if^x A, p x A). We deduce 
from 11/L13I that DT = Cyl{F, G) = f and DR = Cyl{p', p). 
Therefore, applying SoD to (12.101) we obtain the following commutative diagram 
in V 



sGyUF, G) 



(2.11) 



sDifi 



cylif",g") sD0 

~"sDr^ . 

sCyl{p',p) 

where sDB is an isomorphism. 

Let us compute the image under A°s of 

Cyl{f",g") X A ^ Cy/«^(A x F, A x G) 
It follows from the definitions that 



cyl{i,i) ■ 



AxC7y/(y,7) 



(A°sT)„ = s(m ^ (Cy/(7',7))m U ]J(Cy/(/3', /3))^ U {Gyl{a\a))^) . 
In addition 

n n 

{A°s{Gyl{f", g") x A))„ = s(m ^ F" U ]J X" U Z") = R{Y" ujjx" U Z") 
(A°s(A X Cy/(7',7))„ = s(m ^ Cy/(7',7)J = cy/(y,7) . 
By the universal property of the coproduct we have the morphisms 
cyl{^', 7) U U" cyl{(3', (3) U cylia', a) (A°sT)„ 
RY" U U" R^" U RZ" R{Y" U U" X" U Z") 
in such a way that the following diagram commutes 



Cyl{Rr,Rg" 



Cyl{sF,sG)n 



{A°s{Gyl{r,g") x A))„ (A°sT)„ c?//(y,7) 
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where both morphisms (j„ are equivalences because of (SDC 3), and where 
sF = /, sG = 'g and sxjj = ijj'. Then, applying s, the following diagram 
commutes 



cyliRf'^Rg" 

s({cr„}) 

s(A°s(Cy/(/",/)x A)) 



cyl{f,g) 



s({cr„}) 



s(A''sT) 



sA°si 



Rc?//(7',7) 



where s({cr„}) is an equivalence (by the exactness axiom). 

On the other hand, the natural transformation fi : SoD SoA°s gives rise to 

s{A°s{Cyl{f",g") x A)) s(A°sT) Rcy/(y,7) 



f^Cyl(f",g")xA 



^^AxCyl(~f',-,) 



cyl{f'\g") 



— sCyl{F, G) cy/(y, 7) 



From the equations (12 .ip describing the compatibility between A and /i we 
deduce that the following diagram commutes in HoT) 

s{A°s{Gyl{r\g") x A)) s(A°sT) Rcyl{i,^) 



s({An}) 

cyl{f",g") 



— sGyl{F, G) cylii, 7) • 



If we join the two resulting diagrams, we obtain 



cyl{Rf",Rg" 

s({cr„}) s({cr„}) 

s(A°s(Cy/(/",(7")x A)) s(A°sT) 

s({A„}) /iT 



cyl{f,g) ^ — Rcyl{y,j) 



cylif", g") — sGyl{F, G) cyl{i, 7) 



that is just the right side of (12. 9p taking $ = s({cr„}) ^o/x-r, and noting that 
s({Anoa„}) = A. 

Indeed, it follows from the compatibility (12.21) between A and a that the com- 
position 

n n n 

RY" U W RX" U RZ" ^ R{Y" U ]J X" U Z") ^ F" U ]J X" U Z" 
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is equal to Xy U JJ" Xx" U Xz"- 

It remains to see the existence of the left side of fl2.9l) . In order to do that, we 
argue in a similar way to compute the image under A°sr of 

Cyl{r,g") X A ^ Cy/S^(p' x A,p x A) A x Cyl{^\^) . 
By definition 

n 

(A°sri?)„, = s(m ^ Cylif", 9")m U ]J Cyl{f, g)m U g'U) 
(A°sr(Cy/(r, X A))„ = (A°s(A X Cyl{f\g")))n = s(m ^ Cy/(r, r?")"^) 
(A°sr(A X Ci//(y, 7)))n = (A°sCi//(y, 7) x A)„ = s(m ^ F" U U" U F') . 

Again by the universal property of the coproduct we have the following com- 
mutative diagram 

cylif'.g") (A°sri?)„ i^^^ (A°s(Cy/(y,7) x A)). 



Cyl{sp', sp)„ 



cyKi.i) 



where sp' = 5', sp = 5 and s?/' = ■?/'. Hence applying s we obtain 

Rcyl{f\g") s(A°sri?) ^i^^ s(A°s(Ci//(y, 7) x A)) 




s({o-„}) 

ci//(5',(5)- 



s({cr„}) 

cyl{i,i) ■ 



The natural transformation pF : sD ^ SoA°Sor gives rise to 



Cyl{p'. p) 



I^AxCyl(f",gl') 



Rcyl{f",g" 



s(A°sri) 



s(A°sri?) 



s(A°srv5) 



c?//(y,7) 

/^C!;i(7',7)xA 

s(A°s(Cy/(y,7)xA)), 



where we can replace PAxCyi(f",9") ^"7 ^cyi{f",g") and pcyi{y,'r)xA by s({A„}). 
Putting all together we get 



C^z//(p',p) 



cyl{n\i) 

s({A„}) 



-*^ch;{/",9") 



s(A°sri?) 'i^^ s(A°s(Ci//(y,7) X A)) 



s({o-„}) 



s({cr„}) 

cyl{i,i) ■ 
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Again, s({A„}os({cr„}) = A. Then, adjoining fl2.1ip . the result is 



cylif", g") Cyl{F, G) cylii, 7) 



Id 

cyiW'.g") 



sD0 



Id 



^ Cyl{p', p) cyl{i, 7) 



^c!/U/",9") 



s(A°sri?) 

s({cr„}) 

'cyl{5\5)^ 



Rcylif",g") 



To finish just take \1/ = s({cr„}) ^oyUr/?°sD6. 



cyKi'n) 



□ 



In order to deduce from this result an analogous property for the cone func- 
tor, we need the following lemma. 

/ 



Lemma 2.3.3. Let Z 



X 



Y he a diagram of simplicial objects in T>. 



There exists an isomorphism $ : s{Cyl{f, g)) cyl{sf,sg) in HdV, natural in 
f and g, that fits into the following commutative diagram of HoT) 



sY 



fJ-AxY 



R{sY) 



(2.12) 



<Cylif,g)) 



sZ 



MAxZ 



R(sZ) 




cy^s/, sg) 



where jy, jz o^^e the canonical inclusions given m il. 7. 51 

Proof. This result is a consequence of the factorization, additivity and exactness 

axioms, together with 11.7.131 

Indeed, consider {A x f,A x g) e Q'^^^A^V). 

Then T = Cyl^llj,{A xf,Axg) is a bisimplicial object in V whose diagonal is 
just Cyl{f,g). 

By the factorization axiom, p^ '■ s(DT) SoA°s(T) = s{n s{m —>■ Tn^m)) is 
an equivalence. The simplicial object A°s(T) is given in degree n by 

(A°s(T))„ = s(m y„ U X^r^) U ■ ■ ■ U U ZJ . 

Hence by (SDC 3) we have an equivalence 

an-.sYU (sX)("-i) U ■ ■ ■ U (sX)(°) UsZ — > (A°s(T))„ . 



72 



Moreover, sY U (sX)("-i) U ■ ■ ■ U (sX)(o) UsZ = Cyl{{sf) x A, (s^) x A)„ and 
since cr„ is obtained by the universal property of tiie coproduct, we liave tliat 
the following diagram commutes 



s(iy) 




Cyl{{sf) X A, (sg) x A)„ ^ (A=s(r)), 

isz 




s{iz) 



By the naturality of a, we get the morphism between simplicial objects g 
{an}n : Cyl{{sf) x A, (s^) x A) ^ A°s(r). 
Applying s we obtain the commutative diagram 



R(sr) 



S(s(iy)) 



R{sZ) 




soA°s(r) , 



where sg is an equivalence by the exactness axiom. 

Finally, R(sF) — SoA°s(A x Y), and from the naturality of n follows that the 
following diagram commutes 



sY R{sY) 



sZ 



sOV) 




s{Cyl{f,g))^s.A°s{T) . 



R(sZ) 



Therefore, it suffices to take $ = (s^) ^o/xr : s{Cyl{f, g)) cyl{sf,sg). □ 



(2.3.4) Consider the following commutative square of T> 

f 



X 



X' 



f 



Y 



Y'. 



(2.13) 



Let ^ : c(/) c{f') and / : c{g) c{g') be the morphisms deduced from the 
functoriality of the cone, as well as ip : c(R/') — >• c(/), ip' : c{Rg') — > c(^). 
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A : c(R/') — > c(/) and A : c{Rg') — > c{g) those obtained from the following 
commutative diagrams 



R/' 

RX' ^ RY' 



Rg' 

RY RY' 



Rf 

RX' ^ RF' 



Ay; 



c{g) c{g') c{f) cif) 



Ay/ 



X' 



r 



Y' 



RF RY' 



Y 



Y' 



where each I denotes the corresponding canonical inclusion. 

Corollary 2.3.5. Under the above notations, the cone objects c{f) and c^g) 
are naturally isomorphic in HoT>. 

If T & A°T> is Cyl of the diagram 1 x A ^ C{g) C{g'), then there exists 
isomorphisms ^ : s(T) — > c{cj) and $ : s(T) c{f) in HoV, natural in (12.131) . 
such that the diagram 



R^Y' 




I 

c{Rg') 




cif) 



RY' 





R^Y' 




c(R/') 



c{g') 



RI 



Rc{g') 




* ~ $ 
sT c(/) 



commutes in HoV. The map t] : c{f') sT is the simple of the morphism 
induced by the inclusions ofY' and X' into C{g) and C{g') respectively, whereas 
7]' : c{g') sT is just the simple of the inclusion of C{g') into T . 

Proof. Again, it suffices to prove the commutativity of 



Rc{f')^c{f')^c{Rf') . 



I 

ci 



sT c(/) 



c{Rg') c{g') ^ Rc{g') 



74 



Let us see that this is true for the left side of the diagram, since the commuta- 
tivity of the right side can be checked similarly. 
We complete diagram (I2.13P to 



X 



Y 



a 

X 



f 



The image under cyl of the rows of this diagram is 



cy/(l) ^ c(/) ^ c(f ) . 



Denote by : cyl{Rg', Rv) — > cyl{g, g) and A : cyl{Rg', Rv) — > c{g') the result 
of applying cyl to 

Rl RY RY' Rl RF ^ RY' 



; Ai 



cyl{l) ^ c(/) ^ c(f ) 



Ay 



By the last proposition we have that if T is Cyl of the diagram Cyl{l x A) ^ 
C{g) C{g') then we have an isomorphism in HoD such that the following 
diagram commutes 

Rc(/') ^ cyl{g, g) ^ cyl{Rg' , Rv) 



sT 



c{9') 



where rf is the simple of the canonical inclusion of C{g') into T, whereas 77 is 
the simple of the morphism induced by the inclusions of Y\ X' and 1 x A into 
C{g), C{g') and Cyl{l x A) respectively. 

If Rl ^ cyl{l) ^ Rl are the canonical inclusions obtained by applying cyl to 
1 <— 1 — > 1, by 12.2.9^ we deduce the existence of a morphism p : cyl{l) — > Rl 
with pli = pJi = Idjii. 

Since /c? : 1 — > 1 is an equivalence, it follows from the acyclicity axiom that Ji 
is so, and because of the 2 out of 3 property we get that p is in E. 
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Therefore p' = \ip : — > 1 is also an equivalence, and the morphism of 
cubical diagrams 

q//(l) ^ c(/) cif) 



Id 



Id 



^ c(/) cif) 

gives rise to the equivalence r : cyl{jj, g) — > c(^) such that the following diagram 
commutes 

cyl{g, g) Rcif) 



Id 



— Mf) 



On the other hand, the trivial morphism Ai : Rl ^ 1 induces 



Rl RY RY' 



Ai 



Id 



Id 



Rg' 



RY RY' 



and applying cyl, we get an equivalence r' : cyl{Rg', Rv) — > c{Rg'). 
Hence, the following diagram is also commutative 



Mf) c{g) 



ciRg') 



Id 



Mf) — cyl{g, g) ^ cyl{Rg', Rv) 



c{f) 



sT 



c{9') . 



Indeed, Toip = ip'or' since both morphisms arc respectively the image under cyl 
of the morphism in \3{'D given by these two compositions 



Rl ^-^^ RY — ^ RY' 



Rl RY RY' 



cylil) ^ c{f) ^ c{f) ; 1 



Rv 



Id 



Id 



c{f) cif) 



Id 

- RY 
I 



Rg' 



Id 

RY' 
I 



c{f) cif) . 
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Moreover, it holds in HoT) that Ao 



A because in P, Aot' is cyl of the 



composition 



Rl RF Ry 



Ai 



Id 



Id 



Id 



Kg' 

RY RY' 



Ay-/ 



Y 



Y' 



that agrees with A by definition. 

Hence, setting = To^' we have the following commutative diagram 



Mf) - 

X 



i,' 



c{Rg') 



(2.14) 



Ij/" 






0/ 



and it remains to show that 



sT 



— cig') . 



T = Cyl{Cyl{l x A) ^ C{g) ^ and T = x A ^ C{g) ^ ^((7')) 

are such that s(T) and s(T) are naturally equivalent. 

Indeed, if v : Cyl{l x A) ^ 1 x A is the morphisms deduced from ll.S.lUl then 
the diagram 

Cyl(l X A) Cig) Cig') 



1 X A 



Id 

Cig) 



Id 

Cig') 



gives rise (by applying Cyl) to the morphism : T —>■ T between simplicial 
objects. The image under s of the above diagram produces the morphism in 
□^P consisting of 

cylil) J- cig) cig') 



Id 



Id 



Rl 



cig) 



cig') 



and such that sz/ G E, since cylil) = c(/(ii) and Rl are equivalent to 1. Then, 
by 12.2.61 we have that the induced morphism •)!}' : cylif,sg') — > cylif^u') is an 
equivalence. 
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Finally, from lemma 12.3.31 we deduce the commutative diagram in T> 

$ 



sT 



sT 



cyl{f,y') 



It follows that sd : sT ^ sT is an equivalence. Consequently, by the definition 
of it is clear that, after adjoining this morphism to f l2.14p . we get the desired 
commutative diagram 



Rc(/') ^ 



c{Rg') 



cif) sf cig') 



sT . 



□ 



2.4 Acyclicity criterion for the cylinder functor 

In this section we develop a generalization of the acyclicity axiom of the notion 
of simplicial descent category. 

More concretely, the question is if (SDC 7) remains true when we consider 
any augmentation X —>■ X_i x A instead of X ^ 1 x A. 

The answer is affirmative for the "only if" part of (SDC 7), whereas the other 
part will be true under certain extra hypothesis. 

The acyclicity criterion is necessary in the next chapter in order to establish 
the "transfer lemma", and it will play a crucial role in the study of HoT). 

Proposition 2.4.1. Consider morphisms — X ^ ^ Y in V. The 

functor cyl gives rise to the diagram 

R/ 

RX RY 



RZ^cyl{f,g) 



that satisfies the following properties 
a) f E E if and only if Iz is in E. 
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b) g & E if and only if ly is in E. 

In addition, the functor cyV verifies the analogous properties. 



Proof. Consider the commutative diagram in T> 

1^ ^0 




If we apply cyl by rows and columns we get 



Rl 



RZ 



Iz 



cyKf,g) 



c{Idz) ^ — RX RY . 



By the factorization property of the cylinder functor, 12. 3. 2^ we deduce that 
cyl{Iz, g) and cyl{Rf, g') are isomorphic in HoV. 

Since Idz G E, then c{Idz) — > 1 is an equivalence, and therefore the morphism 
cyl(Rf, g') c(R/) obtained by applying cyl to 



c{Id2 



1 



RX ^^RY 



Id 



Id 



RX —^RY 



is an equivalence. 

On the other hand, it follows from the normalization axiom that Rl — 1 is in 
E, and arguing as before we obtain an equivalence cyl{Iz, g) — * c(/^). 
Therefore c(R/) is isomorphic to c{Iz) in HoV, so 

c(R/) — i> 1 is an equivalence if and only if c{Iz) — > 1 is so. 

Then, by 12.2. 10[ Iz is an equivalence if and only if Rf is so, and by (SDC 4) 
this happens if and only if / e E. 

The similar result for cyl' follows from the symmetry axiom. Indeed, 

cyl' if, g) = sCyl'if xA,gxA)= sTCylT ifxA,gxA)= sTCylif xA,gxA), 

since T{h x A) = h for every morphism h in V. 

Hence Iz = s{iz) G E if and only if s(Tz^) : RZ —>■ cyl'{f,g) is in E, but this 
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morphism is just the canonical inclusion of KZ into cyl'{f,g), so we get a). 
To see b), from the statement a) for cyl' we get that g E E if and only if the 
inclusion KY —>■ cyl'{g, /) is so. From lemma [2.3.31 we deduce the existence of a 
morphism r : cyl'{g,f) — > cyl{f,g) such that the following diagram commutes 



RY 



cyl'igj) cyl{f,g) . 
RZ ^^ — 

Then RY — > cyl\g, f) is an equivalence if and only if RY — >• cyl{f, g) is so, that 
finish the proof of b). 

The statement b) for cyV can be proved analogously using the symmetry axiom. 

□ 

Lemma 2.4.2. Consider the morphisms Z ^ — X — ^ Y in A°V. The 
functors Cyl and s give rise to a diagram in T> 

sX sY (2.15) 



sZ ^^sCyl{f,g) 
such that 

a) sf E E if and only if sjz is in E. 

b) sg eE if and only if sjy is in E. 

Proof. First, assume that X, Y and Z are objects in P. In this case, by 12.2.51 
a), sCyl{f X A, g X A) = cyl{f,g) and the statement follows from proposition 

EXH 

If X, Y and Z are simplicial objects, by diagram (12.121) of lemma 12.3.31 we 
deduce that sjz G E if and only if Igz G E. Then it follows from the constant 
case that this holds if and only if sf G E. 

Similarly, sjy if and only if Jgy is so, if and only if sg is so, by the constant 
case. □ 

Theorem 2.4.3. Let f : X Y be a morphism in A°V and e : X ^ X_i x A 

an augmentation. Then 

a) if sf is an equivalence then the simple of ix_i '■ X_i x A ^ Cyl{f,e) is so. 

b) if se is an equivalence then the simple of iy '■ Y Cyl{f,e) is so. 
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Proof. Assume that sf G E. Then we deduce from 12 .472] that sjx_i : RX_i — 
sCyl{f, e) is in E. 

On the other hand, by 11.7.141 we deduce that the following diagram commutes 
in V 

s{Cyl{f, e)) ^ s(C^/(/, e)) — s{Cylif, e)) 



where s/3oS« = Id. 

Therefore s(ix„i) is a retract of s(jx_i) € E, and by I2.2.111 s(iy J G E. 

To see b), one can argue in a similar way. □ 

The previous result remains valid using the symmetric notion of cylinder, 
Cyl', introduced in ll.6.2[ 

Corollary 2.4.4. Let f : X ^ Y be a morphism in A°V and e : X — *■ 

X_i X A be an augmentation. Then 

a) if sf is an equivalence, the simple of ix_i '■ X^i x A — > Cyl\f,e) is so. 

b) if se is an equivalence, the simple of iy '■ Y —* Cyl'{f,e) is so. 

Proof. Again, the statement follows from the previous proposition together with 
(SDC 8). Let us see b), since a) can be proved analogously. 
If se G E then sTe is also in E. By the previous proposition, the simple of 
TY Cyl{T f, Te) is an equivalence. 

Therefore the simple of y ^ TCyl(T f,Te) = Cyl'{f,e) is in E, and we are 
done. □ 

Theorem 2.4.5. Let X_i x A ^ — X ^ Y be a diagram in A°V such 

that there exists e' : Y X_i x A with e'f = e. Then 

sf if and only if six_^ '■ RX_i — sCyl{f, e) is in E. 

Proof. The "only if" part follows from 12.4^ Assume that six_i ^ E. From the 
commutativity of the diagram of A°V 

f 

X ^Y 



X_i X A X_i X A 

we get by 11.5.10) the existence of a morphism H : Cyl{f,e) — X_i x A such 
that Hoix_i = Idx_ixA and Hoiy = e'. 



81 



Since six_i € E, it follows from the 2 out of 3 property that sH is an equiva- 
lence. 

On the other hand, applying 11.6.81 to the diagram 

X_i X A — ^ 1 X A 

y 

X_i X A 



X 



Id 



X 



Y 



Id 



Y 



we get an isomorphism between the simplicial object obtained as the image 
under Cyl of 



1 X A Cyl'{Idx,e) 



CyV{IdY,e') 



and the image under CyV of 

X_ixA^Ci//(/,e)^C(/) . 
In other words, C{F) ~ Cyl'{G,H). 

As s(Idx) = Idsx £ E then by l2.4.4l we deduce that the simple of the canonical 
inclusion : X^i x A ^ Cyl'{Idx,^) is an equivalence. Similarly, the same 
holds for the simple of : -^-i x A ^ Cyl'^Idy, e'). 

Moreover, from the naturality of CyV we get that Fajx_^^ = Ix-i, hence sF G E. 
Then, by the acyclicity axiom, sC{F) ^ 1 is in E, consequently sCyl'{G, H) — >■ 
1 is also an equivalence. 

But sH G E, and again it follows from 12.4.41 that the simple of C(/) 
Cyl{G, H) is in E. Therefore sC{f) is acyclic, and from the acyclicity criterion 
we deduce that s/ G E. □ 

Proposition 2.4.6. 

i) If f, g are homotopic morphisms in A°V (see \1.2.9\} then s(/) = s{g) in HoT>. 
a) If e : X X_i X A has a (lower or upper) extra degeneracy (see \1.2.W\) 
then s(e) is an equivalence. 



Proof. Let Cyl{X) = Cyl{Idx, Idx) be the cubical cylinder object associated 
with X, given in ll. 3.181 The morphisms f and g are homotopic in A°P, so there 
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exists a homotopy H : Cyl{X) X such that the following diagram commutes 
in A°V 

X ^ / 




Then s(/) = s{H)os{I) and s{g) = s{H)os{J) in V, so it is enough to check the 
equality s(/) = s( J) in HoV. 

If cyl{sX) = cyl{Idsx, Idsx), by 12.3. 3^ it suffices to see that the inclusions Isx 
and Jsx '■ cyK^-^) coincide in HoT>. Note that both morphisms Isx, 

Jsx are equivalences, because of 12.4.11 

On the other hand, it follows from 12. 2^ the existence of p : cyl{s{X)) — > Rs(X) 
such that Po/r^(x) = PoJks(x) = Id. 

Hence, in HoV, p is an isomorphism such that I-rs{x) = JrsX = P~^, that finish 
the proof, ii) follows from i), having into account 11.2.121 □ 

Corollary 2.4.7. // D is the object X_i x A ^ X ^ Y of Vt{V), the fol- 
lowing diagram commutes in HoT> 



s(X) 



s(.) 



s(r) 



s(iy) 



s(X_i X A)^^^s{Cyl{D)). 

Proof. In the first chapter we proved that iyo/ is homotopic to (see 
ll.5.9p . therefore the statement is a consequence of the above proposition. □ 

Corollary 2.4.8. If f : X ^ Y is a morphism between simplicial objects 

s(/) 

then the composition s(X) s(C/) is trivial in HoT), that is, it 

factors through the final object 1. 

Proof. By the previous proposition we have the following commutative diagram 
in HoV 



s(X) 



Rl 



s(F) 

s(iy) 

<C{f)). 



The result follows from the equivalence existing between Rl and 1 (by (SDC 
5)), so they are isomorphic in HoV. □ 
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Corollary 2.4.9. Given an object Z X — ^ Y in DlV, then the 
following diagram commutes in HoV 

RX — 



Rg 



RZ—^cyl{f,g) . 

Moreover, if cyl{X) — cyl{Idx, Idx), there exists H : cyl{X) — > cyl{f,g) such 
that Hoix — /yoR/ and HoJx — Iz°Rg, where I, J are the inclusions of X into 
cyl{X). 

Ft f Iy 

In particular, the composition RX ^ RY — ^ c(/) is trivial in HoV. 

Proof. Having in mind the commutativity up to homotopy of the diagram of 
simphcial objects 

X X A ^""^ > Y X A 



Iy 



lY 



ZxA^Cyl{fxA,gxA) , 

there exists L : Cyl{X x A) ^ Cyl{f x A,g x A) such that Loix = ^yo/ x A 
and Lojx — iz°g x A. In addition, sCyl{X x A) is equal to cyl{X), therefore 
it is enough to take H — sL. □ 

Remark 2.4.10. Consider the commutative diagram in T> 

9 f 
X ^^Y —'-^ Z 



X' 



Y' 



r 



Z'. 



From the functoriahty of cyl we obtain S : cyl{f,g) cyl{f',g') such that in 
the diagram 




RX 



RY 



Ix 

9- 

RY' - 



RZ 



Iz 



Rf 



RZ', 



Rg' 



RX' 



cyl{f',g') 
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all the faces commute in V, except the lower and upper ones, that commute in 
HoV. 



To finish this section, we give the following result just for completeness, 
because we will not use it in these notes. It is a consequence of proposition 

Proposition 2.4.11. If f,g are morphisms in V such that fUg is an equiv- 
alence, then f and g are so. 

Proof. Let f : A ^ B and g : A' B' he morphisms such that / U (7 G E, and 
let us prove that / G E. We will check that the canonical inclusion Rl — > c(/) 
is in E (that is equivalent to check that c(/) — > 1 is in E). 
Consider the trivial morphisms pa '■ A ^ 1 and p^' '■ A' —>■ 1, as well as the 
morphism p = U pA' : AU A' —>■ lUl. Since / U (7 G E, we deduce from 12.471] 
that the inclusion 

I:R{lUl)^cyl{fUg,p) 

is an equivalence. If we denote by // : Rl — > c(/) and Ig : Rl c{g) the 
canonical inclusions, by 12.2.81 we get an equivalence acyi such that the diagram 

Rl U Rl -^I^ df) U cig) 



R{lUl)^^cylifUg,p) 

commutes. Moreover, from (SDC 3) we deduce that ctr G E, and therefore 
// U Ig is an equivalence. Finally, it is enough to see that If is a retract of 
// U Ig, in such a case the proof would be concluded by 12.2.11"! 

The "zero" morphism a : c{g) c{f) is defined as follows. The morphism 
C{g X A) —>■ 1 X A gives rise to c{g) — > Rl, and by composing with If we 
get the desired morphism a. Moreover, aolg = If since at the simplicial level 
1 X A ^ C{g X A) ^ 1 X A is the identity. 
Then, we obtain the commutative diagram 

c(/) c(/) U cig) c(/) 

Rl ^ Rl U Rl ^ Rl 

where the horizontal compositions are the identity, and it follows that // is in 
fact a retract of // U J^. □ 
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2.5 Functors of simplicial descent categories 

The aim of this section is to state and prove the "transfer lemma", that will 
allow us to transfer the simplicial descent structure from a fixed simplicial 
descent category to a new category through a suitable functor. 

Definition 2.5.1. Let (P,s,E, yu, A) and (P', E', s', yu', A') be simphcial de- 
scent categories. We say that a functor ip : V ^ V is a functor of simplicial 
descent categories if 

(FD 0) ip preserves equivalences, that is, ipiE) C E'. 

(FD 1) ip is a quasi-strict monoidal functor with respect to the coproduct (see 

mm- 

(FD 2) Consider the diagram 

A°V^A°V' (2.16) 

s ^ s' 

V ^ V — ^ HoV . 

There exists a natural isomorphism of functors : 'joi/joS 7os'oA°'0 in such a 
way that G comes from a functorial "zig-zag" with values in T>'. Moreover, 
must be compatible with A, A' and with fi, /i'. 

More concretely, there exists functors A^, . . . , A'" : A°V —>■ V such that = 
-i/^oS and A^ = s'oA"?/), and they are related by the natural transformations 

^os = A^ A^ A"- = s'oA°^ (2.17) 

where either : A' ^ A'+^ or 6* : A'+'^ A\ and such that 6*^ G E' for 
all X in A°D and for all i. The natural transformation must be the image 
under 7 of the zig-zag fl2.17p . 

(2.5.2) Let us describe more specifically the compatibility condition that is 
mentioned in (FD 2). We will denote also by ip the induced morphisms A°%1} : 
A°V A°V' and A°A°^ : A°A°V A°A°V'. 

I. Given an object X in the following diagram must commute in HoV 

V'(s(X X A)) '^^^''^ . ^(X). (2.18) 

©XxA 

s'{i){X) X A) 
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II. IfZe A°A°V, then V^(DZ) = D(V^(Z)) and Qbz ■ 7V^(s(DZ)) 
The following diagram must be commutative in HoT>' 



7s'D(^(Z)). 



s'D(V'Z) 



>(Z) 



s'A°s'(^Z) 



(2.19) 



(s'A°eoe)z 



^s(DZ) "^^^^^ ^s(A°sZ), 

where the natural transformation s'A°GoO : ^/'oSoA°s s'oA°s'o?/' is defined in 
HoD' and is induced in a natural way by G. 
Concretely, on one hand we have that 

0A°sZ : ^s(A°sZ) — > sXA°sZ) . 

On the other hand, fixing as n the first index of Z we get Z„ . G A°P, and the 
evaluation of (12.171) in Z„ . is the natural sequence of morphisms in V 



0z 

^T7 



Therefore, we obtain the sequence in A"©' 



V'(A°sZ) 



A°0^5 



A°s'(^Z) 



and, by the exactness axiom, the result of applying s' is the sequence of equiv- 
alences in V 



s'A°A'Z 



s'A°s'{'ipZ) . 



that gives rise to the morphism in HoV 

{s'A°Q)z : s'A°{i)s)Z — > s'A°s'{^Z) 
Then, (Oos'A°0)^ is the composition 

V^s(A°sZ) s>(A°sZ) fll^!^ s'oA°s'(V^Z) 



Remark 2.5.3 (Case = Id). Assume that fl2.16p is commutative, that is, 
Q = Id : ipoS s'oA°^ as functors A°V —>■ V . In this case the compatibility 
condition between A, A' and yU, /i' means that the following equalities hold in 
HoV 

7/'(A(X)) = A'(^(X)) VX G P ; '^l){^^{Z)) = ^i'{tlj{Z)) VZ G A°A°P . 
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Example 2.5.4. If F : V ^ V is a functor of simplicial descent categories 
and / is a small category, then F^, : IT> —>■ IV is also a functor of simplicial 
descent categories, with the descent structures introduced in I2.1.15I 
In addition, if P is a simplicial descent category and x is an object in V, the 
"evaluation at" x functor, evx : IT> V with evx{f) = f{x), is a functor of 
simplicial descent categories. 

Remark 2.5.5. In the following lemma we will prove that the composition 
of two functors of simplicial descent categories is again a functor in this way. 
Hence, we have the category (in a convenient universe) DesSimp of simplicial 
descent categories together with the functors of simplicial descent categories. 

Lemma 2.5.6. The composition of two functors of simplicial descent categories 
is again a functor of simplicial descent categories. 

Proof. Let ip : V ^ V and tp' : T>' ^ V" be functors of simplicial descent 
categories. We shall study the commutativity of the diagrams 

/S.°V — ^ A°P' — ^ A°-D" 



V" 



Assume that the zig-zag and $ associated with ip and ■?/'' are given respectively 

by 



eo 



$0 



01 



- A'- = s'oA°ip 



Then \l/ = {^oA°^)o(tjj'oQ) is the zig-zag relating ip'oifjoS to s" A° {tp' oif)) ^ whose 
value at X G A°D is 



^'00 



$0 



s"A°{i)'i))x 



The compatibility of ^ with A and A" follows from the one of O and $ with A, 
A' and A". On the other hand, if Z G A°A°P, the square (I2.19P can be drawn 
in this case as 



s"D(V'V^) 



s"A°s"{iIj'^Z) 

{s"A°vl>)z 

s'VV(A°sZ) 



(2.20) 
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It is enough to check that (s"A°\E')^o\E'a°sZ agrees with 



(2.21) 



since in this case diagram fl2.20p is the composition of the following commutative 
squares 



ij's'D{ijZ) 



'V(s'A°e)2 
ip's'ij{A°sZ) 



'(s"A°$)^2 

^^Dz s>'A°s'(^Z) 

*A°s'(V.Z) 



By definition (s"A°\E')^o\E'a°sZ is the zig-zag 



s'W(A°sZ) 



i)'s'i){A°sZ) 



^{A°sZ) I, , 



s'W(A°sZ) 



s'V'sV(A°sZ) ^'"'^"'^^''^ s"A°s"(^VZ) 



and to see that it agrees with fl2.2ip . it suffices to prove that the following 
diagram is commutative in HoV" 



%l)'s'il){A°sZ) 
i>'{s'A°e)z 

^p's' A°s' (ipZ) 
Expanding this diagram we get 



0(A°sZ) „ , 



*A°s'(i/.Z) 



s'W(A°sZ) 

(s"i/)'A°0)2 



^'sV(A°sZ) 



$0 



i/>(A°sZ) 



B\tp{A"sZ)) ■ ■ ■ B'-^^piA-sZ)) 



V.(A°sZ) „ , 



i^'s'lA-A^Z) 



s'VXA°sZ) 

(s"V'A°0O)z 

s"iIj'{A°A^Z) 



^'(s'A°e'-i)z (s",^'A°e'-i)z 
V''s'A°s'(^Z) B\A"s'{^Z)) ■ ■ ■ B'-\A°s\^Z)) — s'V'sV(A°sZ) 

A°s'{i^Z) *A°s'{i/'Z) 
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Since is a natural transformation relating and B^~^^, we deduce that the 
two upper rows of the above square can be completed to the following diagram, 
where each square commutes 



V''(s'A°G°)z 



Bi(A°e°)i 



B^-i(A°e°)z 



V'V(AMiZ) - 



B\A°A^Z) B'-^A^A^Z) 



(s"V'A°0O)z 

s'V(AMiZ) 



^(A°AlZ) ■4,(A°A'-Z) 

and iterating this procedure we get that the required diagram commutes. □ 

Next we introduce the "transfer lemma" . To this end we need the following 
remark about the commutativity between the simplicial cylinder functor and 
the functor A°i/j : A°V A°T>' induced by a quasi-strict monoidal functor 

Remark 2.5.7. \i i\} : V ^ V satisfies (FD 1), that is, it is quasi-strict 
monoidal, then the diagram 

Q(P') 



Cyl 



Cyl 



A°V ^ A°'D' 

commutes up to (degreewise) equivalence. 

More concretely, there exists r : Cyl A°ip —>■ A°ip Cyl such that (TD)n G E' 
G VtiV), Vn > 0. 

Indeed, if L> = X_i x A X Y then 

AXP) = t/j{X_,) X A A°^(X) A°^(F) . 

The morphisms (ri5)„ = (j,p : ^{Yn) U^{Xn-i) U ■ ■ ■ U ^(X_i) ^ ^{Yn U X„_i U 
• ■ ■ U X_i) are equivalences, and Td = {(t£))„}„ is a morphism in A°V', due to 
the universal property of the coproduct. 

Note also that by definition of ix^i '■ X_i x A — >• Cyl{D) and : V'(-^-i) ^ 

A ^ Cyl{A°i){D)), the diagram 



V'(X_i) X A i A°i;{Cyl{D)) 



(2.22) 



V(Jf-i) 



C|//(A°^(Z^)) 
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commutes. 



Theorem 2.5.8 (Transfer lemma). 
Consider the data {V, s, /i, A) satisfying 

(SDC 1) V is a category with finite coproducts and final object 1. 

(SDC 3)' s : A°V IS a functor. 

(SDC 4)' /i : sD — > s(A°s) is a natural transformation. 

(SDC 5)' A : s(— X A) ^ Idly is a natural transformation compatible with /i, 
that is, the equalities in fl2.1l) hold. 

Assume that {V ,E' ,s' , fi' , X') is a simplicial descent category and ip : V ^ V 
a functor such that (FD 1) and (FD 2) hold. 

Then, taking E = {/ | '?/'(/) ^ E'}, (V,E,s, fj,, \) is a simplicial descent cate- 
gory. 

In addition, ip : V ^ V is a functor of simplicial descent categories. 

Proof. We must see that the data {T>, E, s, fi, A) satisfy the axioms of simphcial 
descent category. 

For clarity, assume that the functorial zig-zag fl2.17p in V associated with 
9 : 'jo^oS — > 'jos'oA°ip is 

^|JoS A s'oA°^ . 

(SDC 2) By definition, E is the class consisting of those morphisms that are 
mapped by the composition 

V^V ^ HoV 

into isomorphisms. Hence E is saturated. Let us check that E is stable under 
coproducts. 

Let fj : Xj Yj be morphisms in V for j = 1,2 such that ipifj) ^ E'. Since 
V^(X,UX,)^:^^i^^V^(F,UF,) 



commutes and G E', it follows from the 2 out of 3 property that ip{fi U /2) G 
E', therefore /i U /s G E. 

(SDC 3) If X, F G A°V, we must see that V^(as) : ^(s(X)Us(F)) ^ ^(s(XUF)) 
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is in E'. 

Consider the diagram 



ip{sX U sY) 



ijs(X U Y) 



Id 



^sX U iJjsY 



iIjs{X U Y) 



^XUY 



A{X)UA{Y) 



A{X U Y) 



0l 



s'A°ij{X U F) 



s'(A°^X U A°^Y) ^'^""^""^^ , s'A°^(X U Y) . 

The top and bottom squares commute in V (because of the universal property 
of the coproduct and the definition of a, fl2.1.4p ). The two central squares 
commute by the same reason, since every natural transformation is monoidal 
with respect to the coproduct. 

On the other and, the morphism crA°v> is cr^ '■ i'iXn) U ip(Yn) "ip^Xn U Yn) 
in degree n, that is in E' for all n. Therefore, from the exactness of s' we deduce 
that s'(crA°^) € E', and by the 2 out of 3 property we get that crs'A°V' ^ E'. In 
addition 6^^ U 6y, Qxuy G E' for i = 0, 1, and hence a^s G E'. Consequently 
^l^ia,) e E'. 

(SDC 4) Let Z e A°A°V. The square (l2J9l) commutes in HoV and by defini- 
tion the horizontal morphisms are isomorphisms, as well as ^I'^f^z)- 
Hence ip{fiz) is an isomorphism in HoV, so it follows that ip{fJ.z) G E', and 
fiz e E. 

(SDC 5) Analogously, given X E V, v/e deduce from the commutativity of 
that ipiXx) e E', so Ax e E. 

(SDC 6) Let f : X Y he a. morphism in A°V with /„ G E Vn. Then 
[A°^(/)]„ = ?/'(/„) G E' Vn, and consequently s'{A°tp{f)) G E'. 
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It follows from the naturality of 6 that s'{A°ij{f))oQx = 6yo?/'(s(/)) in HoV, 
and hence il){s{f)) G E', therefore s(/) G E. 

(SDC 7) Given a morphism f : X ^ Y in A°V we have to prove that ipsf G E' 
if and only if ■ips{Cf) ^/'(l) is so. By (FD 2), we have that -ipsf G E' if and 
only if s'{A°ipf) G E'. Let r : Cyl A°ip — > A°iIj Cyl be the morphism defined 
as in 12.5.71 

li D = 1 X A ^ — X — '—^ Y , applying A°ip we obtain 

A°^(P) = X A A°^Ij{X) A°^Ij{Y) , 

so td : Cyl{A°ipf,A°^p) A°^{Cyl{f, p)) = A°%l){Cf) is a degreewise equiv- 
alence, and we deduce that s'{td) : s'Cyl{A°ijf,A°tpp) s'A°i){Cf) is in E'. 
In addition, it follows from the commutativity of fl2.22p that 

sV:RV^(l) ^s'Ci//(A°V'/, A°V^p)gE' if and only if s'(A°^ii) : R^(l) ^s'(A°V^C/) gE' 

By (FD 2), s\A°^ii) G E' if and only if ^(szi) : ^(Rl) V'(sC/) is so. 
But we proved in (SDC 5) that V(R1) ^ V"!!) e E', then 

s'i^i : RV'(l) ^ s'Cyl{A°i)f, A°i)p) G E' if and only if V(sC/) ^ ^(1) G E'. 

On the other hand, if p' : F ^ 1 x A is the trivial morphism, we have that 
p'of = p, and (A°^/)o(A°V'p') = A°ijp. Hence, bv 12X51 it holds that 

s'(A°^/) G E' if and only if s'i^(i) : RV^(l) s'Cy/(A°^/, A°V^p) is in E', 

so (SDC 7) is already proven. 

(SDC 8) Given a morphism / in A°V then 

s/ G E ^ V'ls/) G E' ^ s'(A°^/) G E' ^ s'(ToA°V^/) = s'(A°^(T/)) G E' ^ 

^ 7A(s(T/)) G E' ^ s(T/) G E . 

□ 

Corollary 2.5.9. If V is a subcategory of a simplicial descent category 
{V\ E', s', p'. A') such that 

1. V is closed under coproducts 

2. V is closed under the simple functor, that is, if X E A°V then s'{X) is 
in T>. 
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3. The value of the natural transformation A' (resp. fi') at any object of V 
(resp. A°A°V) is a morphism ofD. For instance, ifT> is full. 

Then (V, E' fl V, s'\x), ^'\v) is a simplicial descent category. 

Proof. It suffices to take ip = i : V ^ V m the lemma transfer. □ 

2.5.1 Associativity of ji 

If D is a (simplicial) descent category and the natural transformation /x is 
"associative" then A°P has a second structure of descent category in addition 
to the one introduced in 12.1.16^ this time taking the diagonal functor D : 
/S.°A°V A°V as simple functor. 

The associativity property of fi will not be used in the sequel. However, this 
is a relevant property and means that the descent structure can be iterated in 
a "suitable" way in the category of multisimplicial objects in V. 
Moreover, in this case the transformations A and /i give rise to a cotriple (cf. 
(Pus] ) in V. 

Definition 2.5.10 (Associativity of /i). 

Let Di,2 : A°A°A°V ^ A°A°V (resp. Da.s : A°A°A°V A°A°V) be the 
functor that makes equal the two first indexes (resp. the two last indexes) of a 
trisimplicial object. 

We will say that the natural transformation is associative if for every T G 
A°A°A°D the following diagram commutes in T) 

sDDi,2T = sDD2,3T sA°sD2,3T (2.23) 



s(A°/.t) 



sA°sDi,2T = sDA°A°sT i!^!^ SoA°SoA°A°s(T) , 

where A° '■ A°sD2,3T A°SoA°A°s(T) is in degree n the morphism between 
simplicial objects 

(A>r)n = /XT„,., : sDT„,.,. s(A°sT„,.,.) . 

Proposition 2.5.11. Assume that V is a simplicial descent category with fi 
associative. Then the data 

R:V -^V where RX = s(X x A) 

yu' : R ^ where n'x = I^xxAxA 
is a cotriple (R, A,/i') in the category V. 
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Proof. The statement is an immediate consequence of the associativity of /i and 
the equations describing the compatibihty between A and /i f l2.1l) . 
Indeed, assume given an object Y in T> and set X = Y x A. Following the 
notations in (12.11) . we have that fiAxXxA = /^xxAxA = /^y, whereas Xsx = ^ry 
and s(Ax„) = s(Ay x A) = RAy. Hence, the compatibility equations between 
A and /i are in this case ^y°Xry = /iyoRAy = Idy. 
On the other hand, iiT = YxAxAe A°A°V then 



/^Di,2T = yUD2,3T = /i'y , /^A°A°sT = ^nd s(A>t) = s(/iyxAxA X A) = R/iy 

and the commutativity of diagram (12.231) in this case is just the equality /x^yo/xy = 
(R/i;.)o/i'y. □ 

Proposition 2.5.12. // ("D, E, s, /x. A) is a simplicial descent category with 
H associative then A°'D is also a simplicial descent category, where the simple 
functor is the diagonal functor D : A°A°P — >• A°V and the class of equivalences 
is 

Eko^, = {/ I s/GE} . 
In addition, s : A°V ^ V is a functor of descent categories. 

Proof. The result follows from the transfer lemma, setting = s : A°D V. 
Axioms (SDC 1) and (SDC 3)' hold. The natural transformations /Ua°d and 
Aa"© are both the identity natural transformation, therefore they satisfy triv- 
ially the equalities (12. ip . 

On the other hand, (FD 1) is a consequence of the additivity axiom, whereas 
by the normalization one, the natural transformation O = /i : sD ^ sA°s is a 
(pointwise) equivalence. 

If X is a simplicial object in P, diagram (12.181) is just 

^ / , N S(ld)=ld 

sD(X X A) -—^ sX 

MXxA 

s((sX) X A) 

that commutes in V by the compatibility condition between A and /i. 
Consider now T G A°A°A°X'. Under this setting, the usual diagonal functor 
D : A°A°(A°r') A°V is Di,2, whereas A°D : A°A°A°D ^ A°V is by 
definition D2 3. 
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Hence, diagram (12.191) can be written as 



sDi,2(A°A°sT) sA°s(A°A°sT) 

'{sA»T 

fo^-9,T sA°sD2,3T 
sDDi,2T . sDDa.sT 



so its commutativity is just the associativity condition satisfied by 



96 



Chapter 3 



The homotopy category of a 
simplicial descent category 



3.1 Description of HoD 

This section is devoted to the study of the homotopy category associated with 
a simphcial category T>, that is by definition P[E^^]. 

In general the class E does not has calculus of fractions, for instance when 
"D =chain complexes and E =morphisms inducing isomorphism in homology. 
However, some of the properties satisfied by the functor cyl developed in the 
last chapter are similar, but in a more general sense, to the left calculus of 
fractions (or to the right calculus of fractions in the cosimplicial case). This 
fact will allow us to exhibit a "reasonable" description of the morphisms in 
HoV. From now on V will be a simplicial descent category. 

(3.1.1) Let X be an object in V. We remind that R : "D ^ I? is RX = s(Xx A). 
In addition, if T = X x A e A°A°'D then /it : RX R^X. Denote also by 
/i : R — >■ R^ the natural transformation obtained in this way, that is, means 

/^XxAxA- 

From the compatibility between A and (12.11) we deduce that the following 
compositions must be the identity in V 

RX ^ R^X — RX (3.1) 

RX ^ R^X ^ RX . 

Note also that from the naturality of A : R Id-^ it follows that \x°^kx = 
Ax°RAx- 
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Definition 3.1.2. Let HoV be the category with the same objects as V and 
whose morphisms are described as follows. 
Given objects X, Y mT> then 

HomHoV(x,Y) = 
where an element F of T(X, Y) is a 7a^-t,?i<^ 



r , u; G E . 



If X 



RX 



S^^RF^-^r is another element G G T(X,F), 



then F is related to G, F ~ G, if and only there exists a 'hammock' (that 
is, a commutative diagram in X>) 



R2X ^ RT R2r 



(3.2) 



R2X 



Id 



X 



R2X 



?7 



R5 



R2r 



R2r 



Id 



relating F and G, such that all maps except /, g and h are equivalences. 

(3.1.3) Given two composable morphisms in HoD represented by zig-zags F 
and G given respectively by 

X RX T RF r 



F RF S 



RZ^Z 



then their composition is represented by the zig-zag GoF defined as 



X-^RX— ^cy/(u,c/) 



RZ 



where the morphisms h : RX — > cyl{u,g) and w : RZ —>■ cyl{u,g) G E are the 
respective compositions 

R/ 



RX^T.2 



R^X 



RT 



It 



cyl{u,g) 



RZ R^Z -^RS^ cyl{u, g) . 



By 12.4. H Is G E. Therefore w G E since it is the composition of two equiva- 
lences. 



98 



Remark 3.1.4. Note that if we compose the hammock f l3.2p with A we get 
the following hammock where the upper zig-zag is F and the lower one is G 

/ ^ - (3.3) 




Theorem 3.1.5. HoT) is in fact a category. Moreover, the functor 

7 : P ^ HoV 

defined as the identity over objects, and over morphisms as 

7(x-4r)= x-^RX — Y-^Ry — y 

is a localization ofD with respect to E. 

The proof of the above theorem is very similar to the analogue proof in the 
calculus of fractions case, except that now a great number of technical problems 
must be solved. This is why we decide to divide this proof into the following 
lemmas and preliminary results. 

Lemma 3.1.6. Two elements F and G in T(X, F) given by 



X-^RX — 



T 



Xy 



— RY Y 



are such that F G if and only if there exists k > and a hammock 7i* 

j^k+ix ^ R^T R'^+iy 





R^+^X 




X 



R'^+^X 



U 



R^S 



Y 



Rfc+ly 
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where all maps except f , g and h are equivalences. 

Proof. If A; = 0, it is enough to apply R to the hammock Ti'', since R(E) C E. 
If A; > 1, every hammock gives rise to a new one with k = 1, through the 
natural transformations A'^ : R'^ — >■ R and /i'^ : R — R'^. 

More specifically, let A"" be the natural transformation defined as Xx = '^r''-ix°'^r*-i 
R''X — i> RX, as well as fix = /^r'=-2x° " " " °f^x '■ R R*^- 
Then, from fl3.ip we deduce that the composition 



Mi- 



R^X 



is equal to the identity. 

Let us do the computation for the upper half of TC^, since it can be argued 
similarly for the lower one. To this end, just note that the naturality of fi'^ 
together with the equality X^ofi^ = Id imply that the following diagram is 
commutative 



R^X 



R^X 



RT 




Rw 



R^Y 




R'Y 



□ 



Lemma 3.1.7. The relation ~ is an equivalence relation over T{X,Y). 



Proof. The relation ~ is symmetric by definition. The reflexivity is also clear, 
just take the vertical morphisms in the corresponding hammock as identities. 
It remains to check that ~ is transitive. Assume that F ~ G and G ~ L 
through the hammocks Ti. and Ti' given respectively by 



R2X ^ RT ^ R2F 



R2X ^ RS ^ R'Y 







R^X 




X 



R^X 



Rg 



u 



RS 



Y ^R^Y -^R^X ^ X 



Rw' 





R^Y 



R^X 



Rl 



w 



RV 



Rw" 



Y 



R2y 



13' 



R^Y 
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Applying by columns the functor cyl we get 

h 



X 



R2X 



X 



Rg 



h' 



u 



RS 



W 



Rw' 



Y 



Y 



and setting X = cyl{q,p), M = cyl{q",p") and Y = cyl{q',p') we obtain the 
commutative diagram in V 



RX ^ RU ^ RY 



(3.4) 



X 



M 



Y 



RX ^ RW ^ RY 



where all vertical arrows are equivalences by 12.4.11 as well as y M by 12.2.61 

In addition, since aop = a'oq = Id-^ix (resp. (3op' = (3'oq' = /(ip{2y), if follows 

from 12.2.91 the existence of a morphism p : X —>■ R^X (resp. p' : Y ^ R^Y) 

such that pos = Ra and pot = Ra' (resp. p'os' = R/5 and p'of = R/3'). 

By the 2 out of 3 property we have that p (resp. p') is an equivalence. 

On the other hand, applying R to the upper half of Ti. and to the lower half of 

TC' we obtain 

R^X R^T ^ R^Y R^X ^ RX — ^ RW ^ — RY R^Y 




Ra 



R'X ^ RX 



Rh 



RU 



Ru 




RY 



R/3 




R^l 



R^w'- 




R^F R^X R'V ^ R-^Y 



and after adjoining them to (13. 4p and composing, the result is 



R3X — R2T ^ R^Y 



Id 



Id 



R^X 



X 



M 



— p 



Y 



R^Y 



Id 



Id 



R^X — R^V ^ R'Y 



Then, by the previous lemma, F L. 



□ 
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Lemma 3.1.8. The composition of morphisms in HoV is well defined, that 
is, if F F' and G ^ G' represent two composahle morphisms in HoV then 
GoF ~ G'oF'. 

Proof. Assume that F ^ F' and G ^ G' through the hammocks Ti and Ti' 
given respectively by 



R^X ^ RT ^ R^Y 



R^Y ^RU^ R^Z 







R^X 



X 




Rf 



L 



Rw' 



Y 



R^r ; R^Y 



Y 





Rg' 



W 



R^X -^RS^ R^Y R^Y ^ RV^ 

We have to find a hammock relating the zig-zags 



Rv' 



R^Z 




R^Z 



X^RX^R^X^RT^ cyl{w, g) RU ^ R^Z ^ RZ ^ Z 
X^RX^R'X'^RS^ cyliw', g') ^ RV ^ R'Z ^ RZ ^ Z . 
To this end, apply by rows the functor cyl to the diagram 

RT ^ R^Y — R2F 



R^ 



Rw' 



Y 



R2F 



Id 



Id 

R^Y 

Id 

R2F 



Then we obtain 



R2T 

Rs" 



■^cyl{Rw,Id)^R3Y 



RL 



cyl(u,p) 



Rp" 



Id 

R^Y 

Id 



R'S — cyl{Rw', Id) ^ R3y 

where all arrows are equivalences, by properties 12.4.11 and 12.2.61 of cyl. 
On the other hand, since M-rt^^w = RwoIdji2Y (resp. Jc/r^oRw' = Rw'oJ(iR2y), 
it follows from 12. 2T9] the existence of a morphism p : cyl{Rw, Id) — > R^T (resp. 
p' : cyl(Rw', Id) R'^S) such that pojj. = Id^2j' and pojy = R'^w (resp. 
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p'oJs = /(iR25 and p'o/y = R^w'). 

From the 2 out of 3 property we deduce that p and p' arc equivalences. So we 
can construct the following diagram from these two maps, together with the 
result of applying R to some parts of H and H', getting 

R'X ^ R^T R^T R3y ^ R3y ^ R^U 



Id 



\ld 



4 



R^X R^T ^ cyl{Rw, Id) ^ R^Y ^ R^Y ^ R'U 



Id\ Id\ Id\ 

„' , Id R's „i 



Rs 



RX ^ R^ ^ /5) 



Rs 



I 



Id 



Rq 



Rg" 



R^F ^ RY — ^ RW 



Rp 



t 



.R2/' 



Rp" 



t 



Id 



Rt 



Rt" 



R^g' 



R^X R^S ^ cyl{Rw', Id) ^ R^Y ^ R^Y RV 

^4 1" ''1 "1 ^4 "I 



R-^X R'S 



R^S 



R^F ^ R^F ^ R'V . 



Composing arrows in the above diagram and attaching the remaining part of 
H' we get 



R^X R'T R3y ^ R^C/ 2^ R3Z 

/df /df /df 

' R^a ^ R^t ' 



7d| p\ 

R^X cyl{Rw, Id) ^ R3y '-1^ r^u ^ R'Z 

Rs\ I Rg| Ry"| Rq'l 
^ C7//(m, (3) ^ Ri> ^ Riy 



Rpf t 

3 

rV 



Rt| Rt"| Rt'l 



R^X ^ c|//(R«;', Id) ^ R3F ^ R2y ^ R3^ 

wl 



R3X 



R2,S 



R3y^RV^R3Z 



where all vertical maps are equivalences, as well as the columns that contains 
R'^w and R'^v. Now compose with the natural transformation : R^ — > Id to 
obtain 

RX > T ^ — - — Ry U RZ 



A2 



t 4 

R3X ^ cyl{Rw, Id) ^ R3y r^u ^ R^Z 
Rs\ I R?! Rg"| R<?'| 
RX ^ cyl{u, (5) ^ RY ^RW^ RZ 

R3X ^ cyl{Rw', Id) ^ R3r ^ RV ^ R3Z 

RX — - — ^ S ^ — - — RY V RZ 



)l2 
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where g = \t°P and g' = \s°p'- The result of applying cyl to the two middle 
columns in the above diagram is 



R'X RT cyliw, g) RU ^ R^Z 



^ Rcyl{Rw, Id) > M' 

^Rcyl{u,P) 



r2z 



R'U ^ R^Z 



^9' 



R2p 



t t 



R^X Rcyl{Rw', Id) 



■ M- 
M" 



R^W""^ R^Z 



R^t'' 



R^V ^ R^Z 



R^X 



RS 



Is 



1 



^ cyliw', g')^RV^R'Z 



Now apply cyl to the three first rows, getting 



R-'X 



' N' - 



Rcyl{w, g) ^ R^U ^ R^Z 



q//(RA|^,R2s) 

t 

R^X R^cyl{u, P) - 

R^X R'cyliRw', Id) 



^ N ^ 
■RM- 
RM" 



1 

N" ^ cyl{R\l,z,RW) 
t 

R^Z 



R^W < R3 



RSf 



R4^ < R5Z 



R3X 



RV' 



R25 



R/s 



Rcyl{w',g')^R^V 



R^Z 



(3.5) 

On the other hand, since R^ctoR^s = Idj{4.x and B?l3'oB?q' = Id^iz-, the equiv- 
alences a — RA|jf oR^a and a' — RA^^oR^/3' fit into the commutative diagrams 
of P 

R^X R^Z R^Z R^Z 

B?s\ Id\ R^q'\ Id\ 

R^X ^ R^Z R^Z ^ R^Z . 
It follows the existence of equivalences 5 and 5' such that the diagrams 



R^X R^Z 
R^X cyl(RXlx, R^s) ^ r3^ r3^ ^ cyZ(RA^,^, R\') ^ r3^ 
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are commutative. In addition, by definition we have that cxoR^p = RAp^^ and 



If ^ = cyl{RX'^x^ ^'^^) ^^'i ^' = c?//(RA^22, R^g')' attaching these data to (13.51) 
and composing arrows we obtain 



Id ti ;/ N _o.. R'^v „o„ Id 



4 . I 



A 



Rcyl{w, g) ^ R^U ^ R'Z ^ R^Z 

I I i , I" 

N N" A' R^Z 

t 

^ RM" ' 

R^X ^ R^X R'S Rcyl{w', g') ^ R^V ^ R^Z ^ R^'z 



R^T 
\ 

\ 



id\ ^^^^ \ 

R^X^'-^-'r^X ^ R^cyliRw', Id) 
Id 



"t Wh' t 



Id 



R4 



RV ^ R^Z — ^ R-'Z 



Id 



Finally, apply cyl to the three lower rows to get 



R^X 
R^X 



^ R'X ^ R=^r ^ R'cyl{w, g) ^ R^U ^ R^Z — 



RS 



t i 

RA — ^ RN' 

I 1 i 

cyl{R^X) B B' - 

f t 
R*X 



I 

RN 

\ 

- B - 

f 



Rcr' 



R^Z 



R^Z 



1 I 

RX" ^ RA' 

i I I 

- B" 5 cyl{R^Z) 

t 



^ - ^ R^X ^ R'S R'cyliw', g') ^ R^V ^ R'Z ^ R'Z 



(3.6) 



Let 1] and r/' be the equivalences deduced from 12.2.91 Then the diagrams 



R^X 



R^Z 



Id 



4 



Id 



Id 



Id 



R^X cyl{R^X) ^ r4x R^Z cyl{R^Z) ^ R^Z 

commute. If we adjoin rj and r]' to (13.61) and compose arrows, the result is the 
hammock 

, R3/ „ R'^It _n . R'^Iu , R^v 

R^X R^T R^cyl{w, g) ^ R^U ^ R^Z 
R^X ^— B B' B B" 5 ^ R^Z , 



R'X ^ R^S RW{w', g') R^V ^ R'Z 
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that gives rise to 



R^X R^X ^ R^T — ^ R^cyl{w,g) ^ — R3f7 R^Z ^ R^Z 




R^X B 



Id 




_ R>x . 



B ^ B' 



- S" 



R^/s 



R-'/v 



R^X'-^ R'^X — ^ R^S R2cy/(w;',5') ^ R3y ^ R^z'^ R^Z 
where the left triangle consists of 



B 



Id 




R>2 



B ^ R'Z 





R^X ^ R'^X . 



whereas the right triangle is constructed analogously. Then by 13.1.61 we have 
that GoF ~ G'oF', that finishes the proof. 

Lemma 3.1.9. The zig-zag F given by 



□ 



X RX T RY Y 



is related to the following zig-zag, that will be denote by KF 

X ^ RX ^ R2X ^ RT ^ R^r ^ RF ^ r. 

Proof. It is enough to consider the small hammock 



RX 



Id 



Id 



RX^R'X^RT^R'Y^RY 



Id Ap 



RX 



Id 



RX 



f 



Id 



T 



RY 



Id 



RY 



Id 



Id 



RY 



that is a particular case of a usual hammock. Then the statement follows from 
13X61 □ 

Lemma 3.1.10. Given an element F of T{X,Y) given by 
X RX T RY Y 
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and an equivalence s : KX — > S, then F is related to the following zig-zag, that 
will be denote by Fs 



Proof. By 12.4.91 we deduce the existence of H : cyl{RX) cyl{s,f) satisfying 
the following property. If Irx,Jrx are the canonical inclusions of R^X into 
cyl{RX) then Hol^x = /50RS and HoJ^x = lT°Rf- 
Hence, we have the commutative diagram 



^ Jrx 

cyl{RX) 

Irx 



- RT 

It 



Rw 



H 



R^Y 

Id 



cyl{sj) R-Y 



Id 



Id 



R2X — RS -^'cyl{s, fY^ RT ^ R^Y 

where all the vertical arrows are equivalences by the properties of cyl. 

If p : cyl(RX) R^X is such that poJ^^x = P°Jrx = Id, then the above 

diagram can be completed to 



RX 



-^R^X^ 



RT ^ R'Y 



Id 



JrXo 



RX ^"^cy/(RX) ^ cyliRX) cyl{s, ff^ R^Y ^ R^Y 



Jb^x 



It 



H 



Id 



JtoRw 



Id 



Id 



IrX( 



MX 



RX 



f^x 



R'X 



Irx Id 
IsoR. 



Id 



cylisj) 



ItoRw 



Mr 



R^Y 



Id 



Id 



RF, 



Ry 



that implies that Fs is related to the zig-zag RF given in 13. 1.91 Then the result 
follows from the transitivity of ~. □ 

The next lemma can be proved in a similar way. 

Lemma 3.1.11. Consider the element F ofT{X,Y) 



X RX T 



RY Y 



and an equivalence u : RY U . Then F is related to the zig-zag given by 
X RX ^ R^X ^ RT ^ cyl{w, u)^RU ^ R^Y ^RY ^Y . 
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Lemma 3.1.12. The composition of morphisms in HdV allows to "delete pairs 
of inverse arrows" . In other words, assume given composable zig-zags F and G 
described respectively as 



X ^ RX U RS RY Y 



Ay 

Y RY 



RS 



V 



RZ Z . 



Then the zig-zag GoF is equivalent to the composition of the zig-zags F' and G' 
given by 

f 



X RX 



U RS S 



S^RS^V^RZ^Z . 



Proof. Since the following diagram commutes 



U ^RY'^V 

"I 4 "I 



u 



RS 



V 



we deduce from the functoriality of cyl a morphism a : cyl{soU, gos) 
such that the diagram 

RU cyl{soU, gos) RV 



Id 



Id 



RU ^cyl{u,g)J^RV 



cyl{u,g) 



commutes. In addition, by 12.2.61 a G E. Then the above diagram can be 
completed to the following small hammock 



Id 

RX Id 

Id 



RX ^ R^X ^RU^ cylis.u, g.s) ^RV^ R'Z ^ RZ 



Id 



Id 



RX ^ ^ RU 
that relates GoF to G'oF'. 



Ju 



Id 



cyl{u,g) 



Jv 



Id 



Id 



RV ^ R^Z 



MX 



RZ 



Id 



Id 



RZ 



□ 



Lemma 3.1.13. The composition of the following zig-zags F and G 



X RX U 



Ay 

RY ^^Y 



Y RY U V RZ Z 



is equivalent to 



Ax f 9 

X RX U V 



Az 

RZ Z 
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Proof. By definition GoF is 

X ^RX ^R^X ^RU cyl{u,g.u) ^RV ^R^Z ^RZ ^ X . 

Since gou = Idyo^gou), from 12.2.^ we deduce the existence of P : cyl{u,gou) — >• 
RV such that /3o/^ = Rg and /3o/y = /(ipty. Then, /3 G E and we have the 
hammock 



Id 

RX Id 
Id 



RX ^ R^X ^RU-^ cyl{u, g.u) ^RV ^ R^Z ^ RZ 



Id 



RX 



Id 



R2X 



RU 



Rg 



RV 



Id 



Id 



RV 



Id 



Rv 



Id 



R^Z 



MX 



Id 



RZ 



RZ 



Id 



To finish the proof, it suffices to take into account 13. 1.91 



□ 



Proof of [3X51 

To see that HoT) is a category, it remains to check that the composition of 
morphisms is associative and that is has a unit. 

Unit: given X in P, the unit for the composition in lA.om.Hov{X.,X) is Ix = 
^{Idx), that is the morphism represented by 



Id Id 

X RX RX RX X . 

Indeed, if / G Yior[iHov{.X, Y) is the class of X RX — ^ T 
then by definition folx is represented by 

X^RX^R^X'-^ cyl{Idnx, f)^RT^ R^Y 
From the commutative diagram 

RX -^RX 

f f 

rj-] ^ rj-i 

we deduce by 12.2.91 the existence of an equivalence a : cyl(RX, f) 
that aolux = Rf and aolj- = Mt, so we have the hammock 



RY 



RY Y. 



Ay 



Y 



RT such 



R^X ^ R3X ^ Rcylild, f) 2^1!^^ 



R2X 



Id 



R^X 



R2/ 



Id 



R'X 



R/ 



Ra 

-R2T 
^ RT 



R/IY 



R^w 



Id 



R'Y ^ R'Y 



my 



Rw 



Id 



R^Y 
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Therefore, folx = f, and it can be proved analogously that lyo/ = /. 

Associativity: Let /, 'g and h three composable morphisms in HoV, repre- 
sented respectively by the following zig-zags F, G and H 



Ax / 

X ^^RX — 



u 



Xy 9 



Ay 

RY ^-^Y 
RZ Z 



Z^RZ^W^RS^S 



Let us see that {hof)o'g = hoijjof). Consider the diagram 



R^U 



R^Y 



R/(7^ ^KIv 

Rcyl{u,g) 



R2t 



R^Z — ^ R^iy 



Rcyl{v, h) 



I ^ J 

cyl{Iv, Jv) 

where Jy, Iw and J are equivalences. 

Let us check that {hog)of and ho{gof) coincides with the morphism represented 
by the zig-zag L given by 



X^RX^ 



R'X ^ R'U^^cylily, Jyf^R^W R'S ^RS^S, 

where fi : R ^ R^ is fiM = RfJ'M^fJ'M, for every object M in V. 

Having into account the equivalences u : RY — * U and v : RZ V, by I3.1.1UI 

it follows that G ~ Gu and H H^, where G„ and are respectively 

r Ry ^ R2y ^ ^ cy/(«, g)J^Rv^ r^z ^rz^z 



Z^RZ^R^Z^RV^ cyliv, h) ^ RW ^ R'S ^ RS ^ S . 

Therefore hog is the class of H^oGu, that by 13. 1 . l2] coincides with the composi- 
tion of zig-zags 

Y^RY^R^Y^RU^ cyl{u,g) RV ^ V 
V^RV^ cyl{v, h)^RW^R^S-^RS^S , 



and this is by definition the zig-zag (HoG)' 



Y^RY^R^Y^ R'U"-^'cyl{Iv, J. 



R2« 



loRIu 



. JoRt' 



R^S 



R^^ ^ 
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where t' = Iw°^Wo^s '■ cyl{v, h). 

In addition, F is related to the zig-zag R^F consisting of 



and bv 13. 1.131 it follows that {HoG)'oR^F ~ L. 

On the other hand, GoF ~ G^oRF, that becomes after deleting arrows in 

X^RX^R^X^RU^ cyliu, g) RV R^Z ^ RZ ^ Z 
Hence the result of composing with is related to the composition of 

R2X 



X^RX^R^X^RU^ cyliu, g) RV ^ V 



V^RV^cyl{v,h)-^RW^R'S-^RS^S , 
that is L by definition. 

Functoriality of 7 : "D HoT>: we have by definition that the image un- 
der 7 of an identity morphism in V is an identity morphism in HoD. Given 
composable morphisms f : X ^ Y and : y — > Z in D, let us check that 

l{9°f) = l{9)°l{f)- 

By definition, ■j{gof) is represented by 

Xx Rf R<? Id Xz 

X ^RX ^RY ^RZ ^RZ ^ Z 
In the same way, the composition of the zig-zags 



Xx R-f Id Xy 

X ^RX ^RY ^RY ^Y 



Xy Id Xz 

Y ^RY ^RZ ^RZ ^ Z 



is X^RX^ R2X R^Y ^ cyl{IdnY, Rg) ^R'Z^RZ^Z by def- 
inition. It follows from I2.2T^ the existence of p : cyl{Id,Rg) — > R^Z such that 
PoIry = R^f? and p^Irz = Id^iiz- Hence, p is an equivalence and we have the 
following small hammock 



Id 

RX Id 
Id 



RX 



MX 



R2/ 



R'X ^ R'Y ^ cyl{Id, Rg) ^ R^Z ^ RZ 



Irz 



Id 



Id 



RX^^2 



R2/ 



R^X R^Y 



R^g 



R^Z 



Id 



Id 



R'Z 



Id 



Id 



RZ 



RZ 



Id 



where the lower zig-zag represents the morphism 'y{gof ) by 13.1.91 and then the 
required equality holds. 
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Universal property : First, 7 : P — HoV is such that 7(E) C {isomorphisms 
of HoV}. Indeed, if w : X — > F is an equivalence, then Rw is so, and 7(w)~^ 
is the morphism in HoT) given by 

y RF RF ^ RX ^ X 

that clearly is the inverse of 7(w) (by I3.1.13|l . 

It remains to see that the pair (ifoP, 7) satisfies the universal property of 
the localized category P[E~^]. 

Let JF : P ^ C be a functor such that JF maps equivalences into isomorphisms. 
We must prove that there exists an unique functor Q : HoV C such that 
^07 = JF. 

Existence: define Q as = JFX if X is any object of V. The image under Q 
of a morphism / in HoV given by X RX T KY Y is 

g{f) = {:F\YUrw)-\{rMr\xV ■ 

Note that Q{f) does not depend on the zig-zag chosen. Indeed, if two zig-zags 
L and V represent /, both will be related by a hammock as in (13.31) . This 
hammock becomes, after applying JF, a commutative diagram in C. As the 
equivalences are now isomorphisms, it follows that JF(L) = J-'{L'). 

In addition, the equality Qo^ = T holds. To see this, let / : X ^ F be a 
morphism in V. By definition Q{'~ff) is 

J^Xyo{J^IdnYr'oJ^{Rf)o{J^Xx)-' = J^XyoJ^iRfUJ^Xx)-' , 

that agrees with F{f) since AyoR/ = foXx in V. 

Next we check that Q is functorial. It is clear that Q maps identities into 
identities, since G{Idx) = G{l{Idx)) = IdF{x)- 

On the other hand, let / and g be composable morphisms in HoV represented 
by the respective zig-zags 

X^RX^T^RF^F ; Y^RY^S^RZ^Z. 

We must see that Q{g)oQf) = Q{gof), that is, the following composition of 
morphisms must coincide in C 

mx) ^ ^ :fry mz) 

HRX) ^^^(R2xf^V(RT) ^^^cy/(t.,<7f^"^R5^:^">(R2zf^">-(RZ). 
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where we have aheady deleted in Q{g)oQ{f) and Q{gof) the isomorphisms 
{T\x)~^ and T\z- Then, it suffices to prove the commutativity in C of the 
following diagrams (I), (II) and (III) 



{I) 
^(R)/ 



ill) 



^9 



:fXs 



(HI) 



r{R^Z) . 



To see (I) and (III), just note that in V we have the commutativity of 



RX 



RZ 

fJ-z 



s 



R/ 

R^X RT 



As 



R2Z — R^ 



Indeed, the statement follows from the equalities Xr^Rf = /°Arx and Arx°/^x = 
Id^x, and analogously for the right diagram. 

The commutativity of (II) follows from the commutativity of the diagrams bel- 
low in V and C respectively 



T 



RY 



S 



RT R2F 



Rg 



RS 



J-(RT) ^ T{R'Y) ^ T{RS) . 



Let us see that TIt°T{Rvj) = TIs°^{Rg) in C. From the property 12.2.91 of cyl 
we deduce the following diagram involving cyl{RY) = cyl{Id^Y, IdRv) 



R^Y 




R2Y . 



R2y 

Hence, p G E and since J-'poJ^I^y = ^ Jry = -^c^Rsy then Tl-^y = ^ Jry in 
C On the other hand, by 12.4.91 we have a morphism if : cyl{RY^ — > cyl{w,g) 
such that HoJ^Y = Is°Rg and Hol^y = It°Ru!- Applying we deduce that 
J^{ItoRw) =J^{IsoRg). 

Uniqueness: Assume that Q' : HoV C is such that Q'o'j = T . The equality 
Q' = Q is deduced from Q'oj = Qoj, together with the following lemma. □ 
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Lemma 3.1.14. The morphism f in HoT) given by X ^ — RX — ^ T KY — ^ Y 

is equal to 7(Ay)o(7(w))-io7(/)o(7(Ax))""^- 

Proof. Firstly, note that if S is any object in V, then 'j{Xs '■ S) is 

represented by RS ^ R-'S RS ^ RS ^ S ■ 

Indeed, by definition -f{Xs) is the class of ^ R^^ ^ R5 ^ R^ ^ ^ , 
and from the naturality of A it follows that ArsoA^ = RA50A5 = a. Therefore 
we have the following hammock relating both zig-zags 

R^S "^RS^RS 




Id 



As 



R^S ^ R'^S 



S 



As 




Id 



As 



RA.c 



Id 

RS 

Id 




Id 



RS 



Id 




R^S'^RS ^RS 
Hence, 7(/)o(7(Ax))~^ is represented by the composition of the zig-zags 



X^RX^RX'-^ R^X'-^ RX 



RX ^ R^X -^RT^RT^T 



that is by definition x ^RX ^R^X cyl^X^x, R/) ^ R^T ^ RT ^ T • 
From the equality At°R/ = g°X^x and the property l2.2.9l of cyl we get the small 
hammock 



Id 

RX Id 
Id 



RX ^ R^X ^ cyliXnx, Rf) ^ R^T ^ RT 



Id 



RX 



MX 



R^X 



RT 



Id 



Id 



RT 



Id 



Id 



RT . 



RT 



Id 



Then 7(/)o(7(Ax))~^ is represented by X ^ RX ^ R^X RT RT ^ T • 

Compose with T RT RT R^F RF (that represents the mor- 
phism [7(w)]~-'^) and delete arrows in a suitable way to obtain that [7(w)]~-'^o7(/)o(7(Ax))""'^ 

IS given by X ^ RX ^ R^X ^ RT ^ R^Y RY ■ 

To finish it suffices to compose this zig-zag with RF R'^Y — ^ RY RY Y ■ 
Again Xt^Rw = WoAry, and as before we get 



Id 

RX Id 
Id 



RX 



R'X ^ R3X ^ R^T '-^ cyl{Rw, X^y) R^y ^ RF 



Arx 



RX ^ RX ^ ^2 



R^X ^ RT 



Id 



Id 



RT 



Rw 



Id 



R^Y 



My 



Id 



RY 



RY 



Id 
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Hence ■j{XY)o['y{w)]~^o'j{f)o{j{Xx))~^ is the class of the hammock induced by 
the lower row of the above hammock, and from 13.1.91 the required equality 
follows. □ 

Corollary 3.1.15. A final object in V is also a final object in HoT). 

Proof. Indeed, if X RX T ^ Rl — ^ 1 represents the morphism / : 
X ^ 1 in HoV, then / = 7(p), where p : X — 1 is the trivial morphism in V. 
To see this, just consider the hammock 

Rp Till! 

RX Rl Rl 




Id 



Ai 



RX RX 



As 




Id 



Ai 



RX 



R/ 



Id 
■ Rl 

Id 




Id 



Rl 



Rl 



Id 




Rl 



□ 



Corollary 3.1.16. Assume that the trivial morphism ctq : — > RO is an 

isomorphism in T>, where is an initial object in D . Then is also an initial 
object in HoT). 

Remark 3.1.17. 

i) Since s commutes with coproducts up to equivalence, we deduce that ctq is 
always an equivalence, and AqoCTo = Id because is initial. 

ii) In the examples considered in this work, the simple functor s always com- 
mutes with coproducts (that is, the transformation a of 12.1.41 is an isomor- 
phism). In particular, the hypothesis in the previous corollary holds. 



0-^RO^ 



T RX X be a zig-zag representing the 



Proof. Let F 
morphism / : ^ X in HoT). 

By assumption, RO is isomorphic to 0, so RO is an initial object in D. Then we 
have the following commutative diagram 



RO 



/ 



T 



Id 



RO 



RX 

'id 



RX-^RX 



that gives rise to a hammock relating F to 7(0 X). 



□ 
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3.2 Descent categories with A quasi-invertible 

In the description of HoV given in the previous section, the zig-zags that rep- 
resent the morphisms in HoV consists of four arrows instead of two (that is the 
situation in the calculus of fractions case). The reason is that the cylinder of 
two morphisms A J- B C gives rise to RA— >cyZ(/, RC, so we need to 
attach As in order to recover A and C . 

If A is "quasi-invertible" this problem disappears, and the description of the 
morphisms in HoD become easier. 

Throughout this section, (P, E, s, /x. A) denotes a simplicial descent category. 

Definition 3.2.1. We will say that A : R — > Idj) is quasi-invertible if there 
exists a natural transformation p : Idx> — > R such that Aop : Idv — > Idj) is the 
identity natural transformation. That is, \x°Px — Idx for every object X in 
V. 

An example of such situation is the category of chain complexes. 

Proposition 3.2.2. Assume that A is quasi-invertible. Then the cylinder 
object of two morphisms A ^ B C in V has the following properties 

1 ) there exists morphisms in V, functorial in (/, g) 

JA-A^ cyl(f, g) jB- B ^ cyl(f, g) 

such that J A (resp. jc) is in E if and only if g (resp. f) is so. 

2) If f = g = Ma, there exists an equivalence P : cyl{A) ^ A in V such that 
the composition of P with the inclusions Ja,j'a '■ ^ ~^ cyl{A) given in 1) is 
equal to the identity A. 

3) there exists H : cyl{A) — > cyl{f,g) such that H composed with ja and j'^ is 
equal to jAof and jcog respectively. 

Proof. As usual, 3) follows from 1). 

To see I), Ja and jb are defined as the compositions 

A^RA^cyl{f,g) b ^ KB ^ cyl{f , g) . 

Since \a°Pa = IdA and A^ G E, we deduce that pa G E. Hence, 1) follows from 
the properties of the functor cyl. 

Finally, if T) is any descent category, there exists P' : cyl{A) KA such 
that Pol A = PoJa = Id^A, where I a, J a denote the canonical inclusions of RA 
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into cyl{A). 

Therefore, P = \a°P' satisfies 3) trivially. 



□ 



We can replace the maps I a '■ — ^ cyKf-i9) (resp. Ic) by ja (resp. 
jc) in the proofs of the previous section. In this way we obtain the following 
proposition. 

Proposition 3.2.3. IfV is a simplicial descent category with A quasi-invertihle, 
then the morphisms in HoV can he described as follows 
Given objects X, Y in T>, 

HomHoV{x,Y) = T'(X, Y) 
where an element F ofT'{X,Y) is a zig-zag 

X ^^Y , weE . 

// X — ^ S Y is another element G e V{X,Y), then F G if and 
only if there exists a hammock 

X^T^Y (3.7) 




X S ^^Y 
relating F to G and where all maps except f , g and h are equivalences. 

3.3 Additive descent categories 

Definition 3.3.1. An additive simplicial descent category is a simplicial de- 
scent category that is also an additive category and such that the simple functor 
is additive. 

A functor of additive simphcial descent categories is a functor of simphcial 
descent categories which is also additive. 

Proposition 3.3.2. IfD is an additive simplicial descent category then HoV 
is an additive category, and the localization functor 7 : "D — HoV is additive. 
In addition, every functor F : V ^ V of additive simplicial descent categories 
gives rise to an additive functor HoF : HoV — > HoV. 



117 



Throughout this section, we will assume that T> is an additive simplicial 
descent category. 

Lemma 3.3.3. If f,g : X Y are morphisms in HoT) then there exists 
zig-zags representing f and g with "common denominator" 



Pf 



L 
L 



— RY — 



Y 



Proof. Let / and g be the respective classes of the following zig-zags F and G 



X ^-^ RX — 



T 



RY ^^Y 



X^RX^S 



RY 



Y . 



If L = cyl{u, v), then It ■ RT L and Is '■ RS L are equivalences by I2.4.1I 
Let w : KY — > L be the equivalence defined as the composition 



RY^R'Y^RS^L. 



On one hand, by 13.1.111 we have that F is related to the zig-zag F^ given by 



X RX R2x RT cyl{u, v) 



— RF — y . 



On the other hand, it is clear that the zig-zag RG (see 13.1.91) is related to 
X RX ^ R^X ^ R^ ^ L R5 R^F ^ RF ^ 



Y . 



Indeed, we have the hammock 



Id 

RX Id 
Id 



RX ^ R2X 



Kg' 



RS ^ R^Y ^ RF 



Id 



Is 



RX^^2 



Id 



R'X ^RS^L 



RY 



Hence, the proof is finished. 



Id 



RY 



Id 



□ 



Definition 3.3.4 (Definition of sum in HoV). 

Let : X -H> F be morphisms in ifoP and Pp Pg be zig-zags representing 
them as in 13.3.31 We define / + ^ : X — > F as the class of 

Pf + Pg ■ 



Ax f+g 

X RX L 



^RY^Y . 



Lemma 3.3.5. The sum of f and g in HoV is well defined. Equivalently, f + g 
does not depend on the zig-zags pj and Pg with "common denominator" chosen 
for f and g . 
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Proof. Consider two different zig-zags pj, p^, representing /, as well as pg, pgi 
representing g 

Pf-X^^X^S^RY'^Y ■^P'f-X'^^^x^T^RY^Y 

Pg-.X^RX^S^RY'^Y P'g-.X^'-^RX^T^RY^Y. 
We must check that the following zig-zags are related 

p^ + p-g-.X^RX^S^RY Y 

p'^. + p'^:Xj^RX^T^RY^Y. 
We will see that both are related to a zig-zag p'^ + pg. 

The equivalences Ru : B?Y RS and Rv : R^Y — > RT induce equivalences 

Irs ■■ cyl{Rv, Ru), /rt : R^T ^ cyl{Rv, Ru) . 

Consider the morphisms /' = /rtoR^/', g ~ Ijis°R^g '■ R^X — > cyl{Rv,Ru). 
Then p'^ + pg is defined by the zig-zag 

X^RX-^ R^X ^-^ cyl{Rv, Ru) ^ R^s ^R^Y^RY^Y 

where px = Px°RfJ'X: and fiy = yUyoR/iy. 

Consider the hammocks relating pj? to pp, and pg to pg' 

R^X ^RS^ R^Y R^X ^RS^ R^Y 

R^X-^X^M^Y^R^Y R^X^X^N-^Y^^ 

R^X -^RT^ R2y R^X ^ RT ^ R2y 

We will denote them by "H and li! respectively 
First step: p'^ + pg is related to pj + pg. 

The hammocks Ti. and H' give rise to the commutative diagram 
R'X ^RS^ R'Y ^RS^ R'X 

P\ P'\ P"\ Id\ P\ 

h ^ r W U' -r~^ ^ I 

X M Y — - R5 - — X 

R'X RT ^ R'Y ^RS^ R'X 
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where u' is the composition y — ^ R^y ^ KS and I is X — ^ R^X R^* ■ 
Then, applying the functor cyl to the two rows in the middle of the above 
diagram we get 



R3X ^ R^S ^ cyl{Ru, Ru) R^s ^ R^X 
RX RM — ^ cyl{u', w) ^ — r2^ ^ RX 
R^X^' R'T ^ cyliRv, Ru) ^ R^^ 2-^ R^X 



that becomes, after composing arrows, in 



R'X ^cyl{Ru,Ru)^R3X 



RX c|//(m', w) RX 
R^X ^ cy/(RT;, Rw) ^ R3X. 



Then, it holds that ro{f+g) = (/i+^oRp and r'o{f'+g) = (/i+Z)cRg. Therefore, 
the following diagram commutes 



f+S 



R'X ^ cyl{Ru, Ru) ^ R^S ^ R^Y 

RX ^ Cy/(M', W) ^ R25 ^ RSy 



(3.8) 



r4 ^ ,.'f 



Id 



R^X ^ C2//(R^;, R«) ^ R^S ^ R^Y. 



Irs 



Id 



R\ 



As usual, we complete this diagram to a hammock through the natural trans- 
formations A and /i. Indeed, consider the diagrams 



Id 



RX ^ R^X ^ R^X 



Rp 



R3y 2^ ^ RY 



Id 



_ Id Id 

RX ^ RX — ^ RX ^ RX 



Id 



R/i 



Id 



Id 



R-^Y ^ R'Y ^ RF ^ RF 



Rq\ 



Id 



RX R^X ^ R3X 



R/ij 



Id 



Id 



R^Y ^ R'Y ^ RY 



Id 



(3.9) 



where r] = RpoRnx, rj' = RqoRnx, t = ^P°RlJ'X°IJ'X, t' = RqoRnx°l^x and g- 

XjiX°R^RX°Roi- 
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Then, the squares in the left diagram commute by definition of the arrows 
involved in them. In addition, QoT = Qot' = IdB,x, since 

QoT = ARxoRARxo(RQ;oRp)oR/ixo/ix = Arx°(R-Arx°R-/^x)°/^x = ^Rx°fJ'X = Id-R_x- 

The equality Qot' = Id^x is checked analogously. Therefore, the diagrams in 
fl3.9p are commutative. Attaching them to (13.81) we obtain the hammock 



RA' ^ i2 cyl(Ru, Ru) & R^S R'Y W 



RX ^ RX ^ RX ^ 



cyl{u', w) 



My 



R'S ^ R^r ^ RF ^ RF 



Iks 



RX ^ R3X '-^ cyliRv, Ru) ^ R^S ^ R'Y ^ RY 



fly 



relating p'- + p§ to the zig-zag p 



f+9 



X^RX^R^X^ cyKRu, Ru) R^S ^ R^Y ^RY^Y 
On the other hand, applying twice I3.1.9[ it follows that pj + Pg is related to the 



zig-zag R^{pj: + Pg), given by 



Ax 

X^RX^ 



R^X^'^'bs ^R^Y^RY^Y 



and R^(/ + g) = R^f + R^g since R is additive. In addition, by the properties 
of the cyhnder functor we have an equivalence 9 : cyl(Ru, Ru) ^ R'^S such that 
9oK^s = OoJ^is = Id^2s. 

Hence 9o{f + g) = JrsoR^/ + K^is^R^g) = + R^c/- Therefore, we get the 
following hammock relating p to R^iPf + Pg) 



Id 



RX ^ R3X ^ cyl{Ru, Ru) ^ R^^ ^ R^Y ^ RY 



R2X " 



Id 



Id 



f^x 



RX ^ R^X 



Id 



R25 



Id 



Id 



Id 



Id 



RY 



R^S ^ R^Y ^ RY 



Id 



that finishes the proof of the first step. 



Second step: p'f + pg is related to p'- + pg. 

Consider this time the following commutative diagram induced by the ham- 



121 



mocks H, and H,' 



4 '"\ -^4 4 

~ h' ,j w' ~ v' „~ I' ~ 

X N Y — - RT - — X 

t\ t'\ t"\ id\ t\ 

R^X ^ RT ^ R^Y ^RT^ R^X 



where v' is the composition y R^Y RT and Z' is x R?X RT ■ 
Again, applying cyl (this time changing the order of the arrows) we obtain 

^X ^ R^^ ^ 

~ RA' /a 



R^X ^ R^S ^ cyl{Rv, Ru) 5^ R^r^' R^x 



RX RA^ — ^ «/H^ , ) ^ — R^T ^ RX 
R^X ^' R^T q//(R^, R^) R^r ^' R3X 



4 m't k'\ 
that becomes, after composing arrows, in 



i r4 

2 

I T,2fl I 



/' 



R3X^c|//(Ri;,Rm)^r3x 
RX ci//(t;', w') RX 



t ^4 



t 



R^X^cyl{Rv,Rv)^R^X, 
and again we deduce the commutative diagram 

R^X ^ cyl{Rv, Ru) ^ R^T ^ R'Y 



~ h + I ,/ , ,x LrT „r,„ R^f „Q- 



cyl{v', w') 



RX 

m\ k'\ 
' /'+§' 



R^D 

R^T R^y 



7(i 



Id 



R^X '-^ cyl{Rv, Rv) ^ R-^T ^ R^Y. 
As in the previous step, it is possible to complete this diagram to the hammock 



Id 



RX ^ R3X '-^ cyl{Rv, Ru) ^ R^T ^ R^Y ^ RY 
Rsj fc| m| m| 

RA RX — RX ^ cyl{v', w') ^ R^T ^ R'Y ^RY^RY 



RX ^ R3X^-^ cyl{Rv, Rv) ^ R^T ^ R^Y ^ RY 



My 
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relating the zig-zags p and p consisting respectively of the top and bottom rows 
of this hammock. 

Note that p ^ p'^ + Pg- Indeed, we have the hammock 



RX ^ R3X cyl{Rv, Ru) ^ R^T 



Id 



f+9 



"1 



^ RX ^ R^X cyl{Rv, Ru) 



H 



R3y 



Mr 



Ry 



Id 



cyl{R^Y) cyl{R'^Y) RY 



Id 



RX ^ R3X cyl{Rv, Ru) ^ R^S 



f'+g 



id\ 



I-RS 



R2« 



R^Y 



fly 



Id 



RY 



where H is the morphism provided by 12.4.91 If ip : cyl{R^Y) R^y is such 
that v5ojR2y = (/}oJj^2y = Mj^sy (scc 12.2.91) . and Ax = RArx°Arx, then the 
triangle in the right hand side of the previous hammock consists of 




RY ^ R3X -^'cyli^'YY^ R3X 



MX 



RX 



Then p ~ p'- + pg, and the fact p ~ p'~ + p'- can be proved as in the previous 
step, so we are done. □ 

Proof o/ 13.3.21 Let us prove that the axioms of additive category are hold in 
HoV. We follow here the presentation given for additive categories in |GM] . 

Axiom (Ai); The sum in HoT> clearly makes each 'Rom.Hov{X.,Y) into an 
abelian group. 

Let us check that the composition Homi^oi>(-Z^, X)x}1ov[ihov{,X, Y) -^YioviiHoviZ, Y) 
is bilineal, that is, ho[f + g) = hof + hog; (/ + g)oh = foh + goh. 
We will see that (/ + g)oh = foh + goh (the other equality can be proved simi- 
larly) . 

Consider the morphisms f,g:X—^Y and h : Z ^ X in HoV. As we saw 
before, we can assume that these morphisms are represented respectively by 



Pf 



RY Y 



Pg : X RX T RY Y 



Pf^:ZJ^RZ^L 



— RX X. 
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The functor cyl provides the diagrams 



Kt 



RT 

It 



R^X RT 



II 



Jt 



RL — ^ C 

where the arrows ix, jr ^ E. Again, we have the commutative diagram in HoV 

RIt 



R2T 

RJt 



RC 

Ic 



RC 



where all maps are in E. 



Let u : R^y ^ be the composition R3y -^-^ r^t 



RC 



Ic 



N . Set 



/' = Ic°RIl and g' = Ic'°RJl- Assume that the following zig-zags represent / 
and g respectively 



P'f --X^RX^R^X^ R^x'^'n ^ R3F ^ R^Y ^ RY 



Y 



P',:X^RX^ R^X ^ R^X'-^^ ^ R'Y 



R^Y 



RY ^^Y 



In this case, / + ^ is given by the zig-zag 

X RX R2X ^ R^X ^ R^L X R3f R2y ^RY^Y 
and if we compose it with the zig-zag R^P/j representing h 

Z^RZ^R^Z^R^Z^R'L^R^X^R'X^RX^X 



then by 13. 1.12] we can delete arrows getting that (/ + g)oh is given by 
Z 



^RZ^ R^Z ^ R^Z ^ R^l'-^ X R3y 2^ R2F ^ RF ^ F 



On the other hand, we can use again R'^Pf^ to compute foh and goh. After 
deleting arrows, they are given by 



Z^RZ^R^Z^R'Z^R'L^N^R^Y^R'Y^RY^Y 

^ ^ A»z „n „ Rmz „q „ R^h „o ^ 9' u , R/^y , My ^ Ay 



RZ ^ R2Z R^Z ^ R2L ^ X R^F R2F RF ^ F 
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and therefore their sum is (/ + g)oh, so in this case (Al) holds. 
It remains to see that p'^- and p'^ represent / and g respectively. Considering 
the zig-zags pj and Pg, and applying I3.1.1UI to the equivalence t : RX —>■ L, it 
follows that / and g are given by 

X RX ^ R2X C R^Y ^ RY Y 

Xx t^X n JroRt JyoRui „ riy Xy 

X RX — R2X C ^— R^Y RY Y. 

Set r = RJ-ToR^iy and r' = RJtoR^w. By 13.1.91 these zig-zags are related 
respectively to 

X RX ^ R2X ^ R3X ^ RC R3F R2f Ry ^ F 
X RX ^ R2X ^ R^X ^ RC R3F R^Y ^RY ^Y. 

In the first case, it suffices to replace RC by RC ^ N RC, obtaining in this 
way p'~. 

I' I I 

In the second case, replacing RC" by RC" N <^ RC we deduce that Pg is 
related to 

// -5A Xx tJ-x r, R/^Jf o g'oR^t „ Rity „ ity Ay 

p'!:X^RX^ R2x ^ R^X X R^y R2y ^RY^Y. 

where u' = Ic^RJt^R^w. But Ic'°RJt is "homotopic" to Ic^RIt, that is. 12.4.91 
provides H : cyliRT) N such that composing with the inclusions of R2T 
into cyl(RT) we obtain just J^'oR^r and Ic°RIt- 

Then, a hammock relating p^' to p'^ can be constructed in the usual way using 
H. So (Al) is already proved. 

Axiom (A2); We must show that HdD has a zero object, that is, an object 
such that Hom/foX)(0, 0) = {*} =trivial group. Since V has a zero object 0©, 
that is at the same time an initial and final object, the from 13.1.151 (or 13.1.161) 
(A2) follows. 

Axiom (A3); Given objects X, Y in HoV, we must show the existence of an 
object Z and morphisms 

pi P2 

X ^ Z ^Y 

such that pioii = Idx', P2°i2 = Idy] + «2°P2 = Idz and p2oii = Pi°i2 = in 
HoV. 
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But, since X and Y are objects in V, the data Z,ii,i2,pi and p2 so exists in 
P, and it is enough to take the image under j : V —>■ HoT> of these morphisms. 
Hence, since 7 is functorial it is clear that 7(^1)07(^1) = Idx and 7(^2)7(^2) = 

Idy. 

On the other hand, it follows from the definitions of sum in HoT> and of 7 that 
7(/) + 7(5-) = lif + 9), then 7(^i)°7(Pi) + 7(«2)°7(P2) = Idz- To finish, the 
morphism in D is defined as the unique morphism that factors through the 
zero object 0©, and since ■j{Od) = OhoV, we deduce that 7 maps the morphism 
into the morphism 0, so the equality 7(p2)°7(^i) = 7(pi)°7(^2) = holds, and 
(A3) is proven. 

In addition, as mentioned before, 7 : Homx)(X, F) }iomHov{X,Y) is 
lineal, so 7 is additive. 

Finally, let F : V ^ V he a functor of additive simplicial descent categories. 
Assume given f,g:X^Ym HoV, and zig-zags representing them as in 13. 3. 31 
By definition, we have that f + g is represented by 

Pf + Ps- X RX — L RF — F . 

Then, bv 13.1.141 it holds that f + g = -f{XY)o{-f{w)y\-f{f + g)o{-^{Xx))-\ and 
since 7 and F preserve sums, then HoF{f + g) = HoF{f) + HoF{g) follows 
from the equality HoFo'f = 70F. □ 
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Chapter 4 

Relationship with triangulated 
categories 

The aim of this chapter is to describe the "left unstable" triangulated structure 
existing on the homotopy category HdD associated with any simplicial descent 
category V. 

The distinguished triangles will be those defined through the cone functor 
c : Maps{V) V. 

With no extra assumption, neither additivity, this class of triangles will sat- 
isfy all axioms of triangulated category but TR3, that is the one involving the 
shift of distinguished triangles. When V is an additive category then HoT) is 
"right triangulated" or "suspended" [KVj . so if in addition the shift functor is 
an equivalence of categories then HoV is a triangulated category. 
For triangulated categories we will follow the notations of [GMj . 

In order to simplify the notations we will write f : X ^ Y to denote the 
morphism 7(/) in HoV, for any morphism f in V. 

Definition 4.1.1 (shift functor). 

The shift functor T : D — > D is defined as 

T(X) = cyl{l ^ X ^ 1) = c(X ^ 1). 

As usual, by X[n] we mean T"(X). 

Remark 4.1.2. It follows from that T preserve equivalences, that is, 
T(E) C E (in fact we will see that T'^E) = E). 

Then T induces a functor between the localized categories, that we will denote 
also by T : HoV — > HoV. If / is a morphism in HoV we will also write /[I] 
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instead of T/. 

Note that our shift functors T : P — > D, T : HoT> — > HoT> may not be 
equivalences of categories. 

(4.1.3) If X is an object of there exists an isomorphism Ox '■ R(X[1]) 
(RX)[1] in HoV functorial in X, given by 

R(X[1]) X[l] {RX)[1] . 



The next proposition and its corollary will not be used in this work, we 
introduce them just for completeness. 

Proposition 4.1.4. If f is a morphism in V, there exists an isomorphism 
in HoV 

^/:c(/[l])^(c(/))[l] , 
functorial on f and such that the following diagram commutes {in HoV) 

R(F[l])^^c(/[l]) 

(RF)[l]^(c(/))[l] . 

Proof. Let f : X Y he a morphism in T>. To see the existence of the 
isomorphism it suffices to apply the factorization property of the cone. [Z3751 
to the square 

X Y 

Id 

X — ^ 1 

and substitute c(Idi) by 1 when needed. 

Note that 6y is just Oq^y, and by definition 0/ is functorial on /. Hence the 
equality Ofolyii] = /y[l]o6'y holds. □ 

Corollary 4.1.5. A morphism f ofT> is in E if and only if f[l] is so. 
Therefore, a morphism f of HoV is an isomorphism if and only /[I] is so. 

Proof. Consider a morphism f : X ^ Y of V such that /[I] G E. From the 
acyclicity axiom (or its corollary 12.2. 101) we deduce that c(/[l]) ~ (c(/))[l] 1 
is in E. But (c(/))[l] = c(c(/) 1), and again from (SDC 7) follows that 
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c(/) ^ 1 is an equivalence, hence / G E. 

The last statement is a formal consequence of the first one since E is saturated. 



Definition 4.1.6 (triangles in HoV). 

A triangle in HoD is a sequence of morphisms in HdD of the form 



X 



X\l]. 



X 



X' 



Y 



Y' 



X[l] 



X'[l]. 



□ 



A morphism between the triangles X ^Y Z ^ X\l\ and X' ^Y' ^ Z' 
is a commutative diagram in HoT) 



(4.1.7) Given a morphism / : X F in D, if we apply cyl to the diagram 



-X^^ Y 

Id 

-X — > 



we will obtain, by I2.4.101 the diagram 



RX -^RY 



Rl 



c{f) 



Rl 



RX — 



X[l] 



Rl 



(4.1) 



where all faces commute in V except the top and bottom ones, that commutes 
in HoV. 

Therefore, / gives rise to the following sequence of morphisms of T) 

RX^RY-^c{f)-^X[l]. 

It holds that the compositions Poly and /yo/ are trivial in HoV., that is, they 
factor through the final object 1 (since 1 ~ Rl in HoV). 
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Definition 4.1.8 (distinguished triangles in HoV). 

Define distinguished triangles in HoT> as those triangles isomorphic, for some 
morphism / of "D, to 

X^Y^cU)-^X[l] (4.2) 

where Ly is the composition in HoV of Y — ^ RF — c{f) . 

Remark 4.1.9. Therefore, we have automatically that the composition of two 
consecutive maps in a distinguished triangle is trivial, that is, it factors through 
the object 1 in HoV. 

Next we will see that most of the axioms of triangulated categories hold for 
this class of distinguished triangles. 

Proposition 4.1.10 (TR 1). 

i) the triangle X ^ X ^ 1 ^ ^[M is distinguished, where the map 1 —>■ X[l] 
is the composition 1 — ^ Rl ^ (see (14.11) ). 

a) Every triangle isomorphic to a distinguished triangle is also distinguished. 
Hi) Given f : X Y in HoV, there exists a distinguished triangle of the form 

X — F -X[l] . 

Proof. 

To see i), consider (14. ip for / = Idx- Set p = KioX^^ : 1 -^[1]- The map 
/i : Rl — > c{Id) is in E, so c{Id) 1 is so (since rjoli = Ai G E). The diagram 

X X cild) X[l] 



Id 



Id 



V 



Id 



X X 1 ^ X[l]. 

provides a morphism of triangle. Indeed, to see the commutativity in HoV of 
the right square just note that by (14.11) . Ki = pdi, and then poT] = Kio(\^'^or]) = 
K,J^'=p. 

a) holds by definition of distinguished triangle. 

Then it remains to prove Hi). Given a morphism f : X Y in HoV, from l3.l3] 

we have that / is represented by a zig-zag of the form X < RX ^ > T < ^ KY 
If Z = c{f), we consider the distinguished triangle 

RX^T^Z^(RX)[1] . 
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Let g : Y ^ Z and h : Z X[l] he the compositions given respectively by 



Y 



RY 



T 



- c(7) = z 



Z — (RX)[1] ^X[l] . 




Then, setting a = XyoW ^ : T ^ F we deduce the following commutative 
diagram 

(RX)[1] 

,,(Ax)[l] 
X[l] 

that is in fact an isomorphism of triangles, so the bottom triangle is distin- 
guished. □ 

Proposition 4.1.11 (TR 3). 

If X —>■ Y ^ Z ^ X[l] and X' —>■ Y' ^ Z' ^ ^'[^] '^'^c distinguished triangles 
and 



X 



X' 



f 



Y 



Y' 



commutes in HoV, then there exists an isomorphism of triangles 




X'[l]. 



In addition, if a and (3 are isomorphisms of HoV then so is h. 
Proof. 

By definition of distinguished triangle we can assume that / and g are mor- 
phisms of V and the triangles X ^ Y ^ Z ^ X[l], X' ^ Y' Z' X'[l] 
are those obtained from / and g respectively as in fl4.2p . 

Case 1 : a and j3 are morphisms in V and (3of = goa in T>. 
In this case it follows directly from the functoriality of the cone the existence 
of h : c{f) = Z ^ c{g) = Z'mV such that the required diagram is commuta- 
tive. If a, j3 are isomorphisms in HoV then they are in E, since E is saturated. 
Hence, we deduce from corollary 12.2.71 that G E. 
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Case 2: a and (3 are morphisms of T> and (3 f = ga in HoD. 
In this case the zig-zags 



X RX — RF' RF' r' 



X Rx Ry RF' r' 



define the same morphism of HoV, and by 13.1.51 we have a hammock in V in 
the form 



Id 



Id 



R2(/3o/) 

R^X > R2F' 



R2y' 



— H 

X 



L 



Y 



R^X 



R2(goa) 



R2y' 



R^Y', 



(4.3) 




R^y 



where all maps are in E except R^(/5o/), R'^(goa) and if. Hence, if we denote 
by : R^ — >■ R the natural transformation with A| = A^oAr^, we have the 
following diagram consisting of the commutative squares in V 



X 



Y 



R^X 



Id 



R^X 



T 



R^X 



R2q 



R2X' 



Ay, 



Ay 



R2/ 



R^Y 



R2(/3o/) 



H 



R2(goa) 



R^y 



5 



R^Y' 



Id 



R2g 



R^y 



Ay, 



-X' 

9 

Y' . 



By the first case there exists morphisms A, /?, m, m', a and A such that the 
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diagram 




commutes in HdD. On the other hand, the morphisms A, m, u' and A are in E. 
Observe that the composition in Ho'D of the morphisms in the first column is 
just a. 

Indeed, from (14 .Sp it follows that w' = w~^, and it is enough to have into account 
the equality X\,oIi^a = aoX'j^, that holds since A^ is a natural transformation. 
In the same way, the second column is the morphism f3, whereas the fourth one 
is a[l]. 

Summing all up, we get a morphism h = Ao5o(-u')^^oMo/3oA^^ such that the 
requested diagram commutes. 

Finally, if a and (3 are in E, then R^a and are also equivalences, and by 
the previous case the same holds for a and j3. Therefore h an isomorphism in 
HoV. 

Case 3: General case: a and (3 are morphism in HoV. 

Let A and B be zig-zags representing a and /3 respectively, given by 



X 



RX 



Ay f3' 



S^^RX' 
-RY' 



Ay/ 



-X' 
Y' . 
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Consider the diagram 



Ax 



Y 



/3' 



s 



T 



RX' 



Kg 



RY' 



-X' 

9 

Y' . 



If there exists t : S ^ T such that toa' = (3'oRf and tou = VoRg in HoV, 
then it suffices to apply the case 2 to the squares in the above diagram. Let us 
check that we can always choose zig-zags representing a and (3 satisfying this 
property. That is to say, it is enough see that there exists zig-zags A' and B' 



X RX — 



S' 



Ay 13" 

Y RY r 



RX' 



RY' 



X' 



Y' 



representing a and /? and such that there exists s : S T that makes the 
following diagram commute in HoV 



Ay n'' 

X RX — 



S' RX' — 



Y 



RY 



r 



Kg 



RY' 



-X' 

9 

Y' . 



By 13.1.91 the zig-zags R^A and R^B given by 



X RX ^ R^X ^ R^ R^X' ^ 



Ay My „ R/3' Ev „ My' 

Y RY R^Y RT R^Y' ^ 



RX' 



RY' 



X' 
Y' 



represent also the morphisms a and (3 respectively, 
imply that the square 

Rg 

RX' ^ RY' 



Ru 



RS 



Is 



cyl{g,u) 



commutes in HoT>, and Jy is an equivalence. Moreover, in the same way as 
before we can build the square 



R^r 

Rly' 

Rcyl{g,u) 



Rv 



- RT 

It 



cyl{Rv, lyi 
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that commutes in HoD and such that all maps are in E. Set T' = q//(Rv, /y). 
Since It '■ — >■ T' G E, it is clear that Ti^A is related to 



Y 



Ay 



R2y 



R/3' 



RT 



It 



r 



It 



RT 



Rv 



R^y 



Ry 



Y' 



Consequently it suffices to check that the morphism s — Icyi{g,u)°^Is '■ — > S' 
is such that 



X ^ RX R^X 



Ra' 



RS 



Ru 



R^X' ^ RX' X' 



Y 



Ay 



RY 



R2y 



R/3' 



RT 



It 



R^g 



r 



It 



RT 



Rv 



R^y 



My 



Ry 



commutes in HoV. In order to see that, it is clear that the square II commutes. 
To see I, since (5of — goa and A^^ is an isomorphism in HoV for any W in V, 
we deduce the commutativity in HoV of the diagram 



RX 
R/ 
RY 



S 



T 



■ RX' 

Rg 

RY' . 



Then we have that 

/toR/3'oRV - /toRvo(Rv-^R/3'oRV) = {lT^Rv)oR^goRu-KRa' = 

Icyl{g,u)°{RlY' °R^ g)°Ru~^ °RC(' = Icyl{g,u)°RIsR^UoRu~^ oRa' = SoRa' 



□ 



Now we will begin the proof of the octahedron axiom. 

(4.1.12) Two composable morphisms X A y A Z in D gives rise in a natural 
way to the triangle 

c{u) A c{vou) c{v) A c(m)[1] . 
Indeed, applying the cone functor to the following squares 



X 



Id 



X 



Y 



X^^Z 



Id 



Y 



Z. 



we obtain c{u) A c{vu) and c{vu) c{v) respectively. 

On the other hand c{v) — > c(ii)[l] is defined as the composition c{v) — > y[l] — > 
c{u)[l\. 



y 
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Proposition 4.1.13. Under the notations given above, the triangle c{u) 



c(vou) c(v) 



c{u)[l] is distinguished in HoT>. 



Proof. Let us see that the above triangle is isomorphic to the one induced by 
a, that is 

c{u) — ^ c{vou) — - — ^ c(a) — ^ . 
We will apply the factorization property of the cone 12.3.51 to the square 



To that end we introduce some notations. 

Let u : c{Idx) — * c(f ) be the morphism obtained by applying the cone functor 
by rows to the previous square, as well as ip' : c(R{vou)) c{u), ip : c{Rv) —>■ 
c{a), X : c{R{vou)) c{vou) and A : c(Rf) — > c{v) the morphisms obtained in 
the same way from the squares 



RX — — ^ RZ 



RY —^RZ 



RX — ^ RZ 



RY RZ 



I 


; / 


/ 


; Ax 


Az 


; Ay 


Az 

















c{Idx) " > c(f ) c{u) 



CiVoU] 



X 



Y 



where each / denotes the corresponding canonical inclusion. 

Denote by f G A°V the image under Cyl of 1 x A ^ C{u) A C{vou). Take 

isomorphisms $ : s(T) — > c{a) and \E' : s(T) c{u) such that the diagram 



R^Z 



Arz 



RZ 



Arz 




Rc{v) 





c(R(f om)) 



I 

c{vou) 



c{Rv) 




R^Z 



Rcivou) , 



(4.4) 




CM 



sT 



da) 



commutes, where t] is the image under s of the canonical inclusion of C{v) into 
T, whereas r]' the image under s of the morphism induced by the canonical 
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inclusions of X and Z into C{Idx) and C{v) respectively. 
Since c{Idx) — > 1 is an equivalence, by 12.4.11 we have that I : Rc(f) c{u) is 
in E. Hence, we deduce from the commutativity of the front face of the above 
diagram that rijip G E. 

Set r = ipo[X)^^ = ^oT] : c{v) c(a). It is enough to see that the diagram 

13 



c{u) 

Id 

c{u) 



c{vou) 



c{v) 



c{u)[l] 



Id 




(1) 


r 


(2) 


Id 




• 











c{vou) 



c[a] 



c(n)[l] 



is a morphism of triangles. In other words, we must prove that (1) and (2) 
commute in HoT). 

Let us see first the commutativity of (2), that is 



-A 

c{Rv) 
c(a) 



r[i]iiiV)[i]^c(.)[i] 



Id 



c{u)[l] 



Let p" : c(Rf) {KY)[1] be the morphism induced by Rf (see 14. 2p . Then 
Ay[l]op" = poA in D, since both morphisms agree with the result of applying 
the cone functor to the following compositions 



RY RZ 



Ay 



Y 



Id 



Y 



1 



RY 

Id 

RY 

Xy 

Y 



Rv 



RZ 



Hence, it remains to see that p'oip = Jy [l]op", but again this equality holds in 
P because both morphisms are equal to the image under the cone functor of 
the compositions 



RY 

Iy 

c{u) 

Id 

c{u) 



Rv 



^ RZ 

Iz 

civou) 



RY 

Id 

RY 

Iy 

c{u) 



Rv 



■ RZ 

Iz 

^ 1 
- 1 . 
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Now we study the square (1), that consist of 

c{vou) ^ c{v) 

4 

" sT 

c[VoU) — iic[VoU) — ^ c[a) . 

The strategy will be the following. We will define a simplicial morphism 
e-.f ^C{v) such that 

a) If ic(vou) '■ C{vou) T is the canonical inclusion and /3 : C{vou) —>■ 
C{v) the simplicial morphism defined through the diagram B of (14. 1.121) . then 

h) li p : C{v) ^ T is the map induced by the canonical inclusions of Y and 
Z into C{u) and Civou)^ then 6op = Idc(v)- 

Assume that a) and b) are satisfied. Since s(p) = rj : c{v) —>■ sT is an 
equivalence, = s6 = {ri)~^ in HoV. On the other hand, sic{vou) = v' 
s(/9) = P : c{vcu) — i> c(f). Hence we deduce from a) that OoT]' = (3 'm.V. 
Therefore, (1) commutes, because on one hand rjofS = 6~^of3 = t]', and on the 
other hand, by (113D V = ^~^°Ic{vou)°{K(vou))~^- 

Hence, it remains to prove a) and b). Define : T — C(t') as follows. 

Recall that C{u) is defined in degree n as y U]J" XUl. Following the notations 

in 11.5.41 it can be described as 

c{u)n = r"^ u JJ X" u r° . 

Similarly, by [1231 T„ = C{vou)l' U U^gA„ C{u)^ U r°, that is 

pGA„ o-gA„ pga„ 

where the superscripts are mute, and are just used as labels for indexing the 
coproduct. Define 

pGA„ (TgA„ pGA„ o-GA„ 
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as the morphism whose restriction to the component p, a is 



©n p,(T 



Id : 

Id : F"!-'^ 



if p = cr = Ml 
if 0- G A„, p = ui 
if p = uo 

if p,(TG A„, (T-i(l) C p-i(l) 
ifpGA„, a^Mo, p-'(l) C (T-i(l) . 



Provided that is an isomorphism of simphcial objects, it is clear that a) and 
b) hold. 

Therefore, it remains to see that is in fact a morphism between simplicial 
objets. 

Given an order preserving map v : [m] [n], we must check that BmoT(z/) = 
[C{v)]{v)oQ^:f^^C{v)^ in V. 

Recall that [C{v)\{u) : U UaeA„ ^ 1"° ^ U^eA™ ^ 1"" given 

by (see ITXl) 



Id-.Y" ^ Y"^ 


if au G Am 




Id : ^ 


if cr = Ui 






if cr G A,„ and au 


= Ui 


Id : 1"° ^ 1„„ 


if a = Uq 






if cr G A„ and au 


= Uo 



On the other hand, T(i/) : T„ — > is (see 11.7.40 

[C(«)](z/):C7«^C(n)r 
5mo[C(^i)](z/):C(M)^^C(t;on)«i 

[C(t;oM)](^) : C(t;oM)J^i -> C{vou)l 
Id : 1"! ^ 1"! 



1 

m 



if au E A 

if a E A,au = Ui 

if 0" G A, cri/ = Mo 

if cr = Ml 

if cr = Mo . 
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that, by definition of the cone functor, is equal to 



Id : XP'" XP""'"" 

Id ■ )• Y'^^''^'^ 

Id : l"*'''^ — > l"o,wo 

u : X*^'*^ — > yi'^'' 

Vou : X''-^ ^ 



if pi/ e A„, (71/ 7^ 
if (TV e A^, p — ui 

if p = ?io 

if Crz/ 7^ Mo, = Uo, p e An 
if (TU e Am, pi' = Ui, pe An 

if au = til, cr e A„, p = Ui 
if (71/ — ui, p & An, piy — ui 
a a — p — ui 
if av ^uo,(T^ Uq, pe An 
if au — uo,(T e An, p — u\ . 



Hence, the equaUty Q„i°T{i') = [C(f )](z/)o6„ is clearly satisfied over the com- 
ponents y"!'*^ and 1""''^ of T„. Let us check it over the components of 
the form X^'", with p E An and a ^ Uq. 

Case (7-^(1) C p-i(l). 
In this case a ^ u\ (otherwise p = t^i), so (7 e A„ and we have that 



if (TZ/ G Am 

if az/ = Ui 
if (71/ = tto . 



On the other hand, since a ^(1) C p ^(1) then i/ ^{1) C u ^p ^(1), that is, 
{aur\l) C (pi/)-^(l). 

Therefore, if au e A^ in particular ((7i/)~^(l) 7^ and consequently pu ^ Uq. 
If pi/ = lii, by definition r(i/)|xp.- = u : X'''^ ^ y^^''^'^ and 0^07(1/) |xp.- = : 
XP'^ Y'^^ . 

Otherwise, we have that pz/ e A„ and then f{u)\xp,- = Id : XP'" XP'''"". As 

(cTZ/)-i(l) C (pz/)-i(l) then 0„of = u : X''-^ ^ Y'^r 

Now assume that crz/ = Ui. Then ((TZ/)^^(1) = [m] C (pz/)^^(l) and pz/ = Ui, so 

f (z/)|xp.- = VoU : X^''" ^ and e^of (z/)|xp.- = t^ow : XP'"" Z^^K 

On the other hand, if = Uq, it is clear that Qjn°T{i')\xp.'' '■ XP'" — > 1"°. 
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Case p ^(l)Ccr ^(1). Again by definition 

[C(v)](i/)oe„|x^.- ^{vou: XP^" if pv = ux 

Note that {py)-^{l) C {av)-^{l). 

If pv e Am, it follows that (pz/)"^(l) 7^ 0, then az/ 7^ mq- 
Hence, f (z/)|xp.- = Id : X''''^ ^ X^'^''^^ and O^of (z/)|xp.- = « : Xp^" YP"". 
If pz/ = Ml, we have that av = Ui and GmoT(z/)|xp,<^ = VoU : XP'"^ — * Z^^. 
Finally, if pz/ = Uq, by definition f (z/)|xp,<^ : X^'" ^ I""''"'' and G^of (i/)|xP.<^ : 
j5^p,<7 ^ ;l«o^ that finish the proof. □ 

In order to prove the octahedron axiom in the general case, we will need the 
following notations. 

(4.1.14) Denote by / : AT ^ y a morphism of the form f : X ^ Y[l] of 
HoT>. Then the distinguished triangle X — > y — > Z — > X[l] can be written as 



X 



Y 



[1] 



We will call ''octahedron upper half" a diagram in HoV as in the following 
picture 

X Z (4.5) 



[1] 





t * Y 



M 



1 [1] 

p 




[1] 



A^ 



where the triangles labelled with the symbol * are distinguished and the two 
remaining commute (in HoT>). 

Proposition 4.1.15 (TR 4, Octahedron axiom). 

Every octahedron upper half can he completed to an octahedron. More precisely, 
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given an octahedron upper half as 14.51 there exists a diagram 




where, again, the triangles labelled with * are distinguished and the others com- 
mute {in HoV). Moreover, the following diagrams commute in HoT> 



Y 



Y' 



Y' 



M 



X[l] 



N 



u[l] 



Y[l] . 



Proof. First, suppose that u and v are morphisms of V. In this case, using the 
notations given in l4.2l and l4.1.12t it follows from TR3 that the given octahedron 
upper half is isomorphic to 

X — 



[1] 




Y 



c{u) 



iY [1 

7 




[1] 



c{v) . 



Hence, it suffices to prove that this octahedron upper half can be completed 
into a whole octahedron. Consider the distinguished triangle obtained from Vou 



X ^ Z ^ c{voU) ^ X[l\ 



Following the notations given in 14.1.121 we consider the diagram 



X 



pvou 



Jz 



[1] 



[1] 



c{u) 



[1] 



142 



I claim that the triangles labelled with * are distinguished. The upper triangle is 
clearly distinguished, whereas the lower one is so because of proposition 1^.1 31 
Since a and /3 are the morphisms obtained as the image under the cone functor 
of the squares A and B in 14.1.121 it follows that the above triangles not labelled 
with * are commutative, as well as 



3z 



PvOTJ 



X[l] 



u[l] 



Y 



c{vou) 



c{vou) 



Pv 



c{u) c(f) 
This finish the proof of TR 4 when u, v are morphisms of D. 

To see the general case, when u and v are morphisms of HoV, let us check 
that each octahedron upper half (14.51) is isomorphic to an octahedron upper 
half where u and v are in T>. 

Since the triangle X — ^ Y — ^ M — ^ -^[1] is distinguished, by definition 
there exists a morphism u : X 



X 

'\ 

X 



Y 

-i 

Y 



Y in V and an isomorphism of triangles 

1 , ^ t 



- M 

c(u) 



X[l] 

■^x[i] . 



Hence, the isomorphisms r, r', t" provide an isomorphism between the given 
octahedron upper half and the following one 




where v = fo(r') ^, r = r'or and p = Lyor = (r") ^op. 

Therefore we can assume that the morphism u in our octahedron upper half 
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is a morphism in V. 

On the other hand, we deduce from theorem 13.1 . 51 that v : Y ^ Z is represented 
by a zig-zag of morphisms of T> in the form 



Ay 

Y RY 



T 



RZ 



z , I eE . 



Finally, let us see that the original octahedron upper half is isomorphic to 



RX 



[1] 



RM 



T 



(4.6) 



Rm 



RY 



Rq [1] 
Hp 



[1] 



To this end, consider for any A in V the isomorphism 6a of HoT> defined as 



the composition R(A[1]) 



A 



All] 



A[l] 



mm ■ 



Set t = 6x°Rt '■ RM (RX)[1]. Then the following diagram commutes 

^{RX)[1] 

Ax [111 



Riy Rg 

RX RY — ^ RM 



Ax 



Ay 



Aj\/ 



X 



u 



Y 



M 



t 



X[l] 



In the same way, s and f are the respective compositions 



T 



RZ 



RN 



RN 



Rr 



R(y[l])^(RF)[l] 



that give rise to the isomorphism of triangles 



RY 



Ay 



\z°l 



T 



Rg 



RN 



-i^(RX)[l] 



Ajv 



Y 



N 



Ax[l] 



Therefore it is clear that fl4.6p is an octahedron upper half isomorphic to the 
original, that finish the proof. □ 

In order to study the remaining axiom TR 2 of triangulated category, we 
need HoV to be additive, since TR 2 involves a "minus" sign. Recall that by 
13.3.21 if we assume that V is an additive simplicial descent category (definition 
IHXT]) then so is HoV. 
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Proposition 4.1.16 (TR 2). 

i) Suppose that V is an additive simplicial descent category. 

// the triangle X ^ Y ^ Z ^ X[l] is distinguished in HoV, then so is 

Y ^ z ^ x[iy^W[i\. 

a) If in addition the shift functor T : HoV — >• HoV is fully faithful, so the 
converse statement also holds. 

Proof. 

Proof oi i) By definition of distinguished triangle we can assume that -u is a 
morphism of and that X ^ Y ^ Z ^ X[l\ is the triangle obtained from m, 
that is 

X ^ c{u) X[l] . 

We must prove that the triangle 

Y ^ c{u) ^ X[l]^Y[l] . 

is distinguished. Define the morphism Jy : RF c{u) as in f|2.2.4p . We will 
see that there exists an isomorphism of triangles 

Y ^^c{u) ^^X[1]—^Y[1] (4.7) 



Y 



\ld \e |Ay[l] 



RY c{u) ^ c{Iy) {RY)[l] . 

Let be a zero object of V, that is at the same time initial and final object. 
Given a simplicial object S" in P it holds that, at the simplicial level, the 
simplicial cone of ^ S* is by definition the simplicial cylinder of ^ ^ 5, 
that coincides with S (since is the unit for the coproduct). In particular, if 
5 = T X A for some object T of V, it follows that c(0 ^ T) = s(T x A) = RT. 
By assumption s is additive, so RO = 0. Consequently, we can consider the 
morphism / : c(/y) R(X[1]) in V defined as the image under the cone 
functor of the square 

RY — ^ c{u) 


obtained from diagram (14.11) in 14.1.71 
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Let us see that / G E. Consider the following commutative cube in T> 

-X (4.8) 




^ 



We will apply the factorization property of the cone, I2.3.5i to the upper and 
lower faces of this cube. Begin with the lower one 

^0 

I i 

^X. 

Applying the cone functor by rows and columns we obtain the morphisms 
RX and — X[l] respectively. 

Denote by X{1} the simplicial cone object associated with the morphism X x 
A — > X A. If T is the image under Cyl of x A ^ x A— >X < 1 >, then 
f = X{1}. Note that s(X{l}) = X[l] by definition of X[l]. 
The natural isomorphisms ^' : X[l] (RX)[1] and $' : X[l] R(X[1]) 
obtained from 12.375) are such that the diagram 

(RX)[i] — ^£!1L^ x[i] — R(^[i]) , 




(RX)[1] X[l] "—^ R(X[1]) 

Therefore ^' = {Xx[l])~^ and $' = X^\^y 
On the other hand, consider now 

^X 

1 I" 

Y Y 

Let g : RX — > c{IdY) be the result of applying the cone functor by rows to 
the above square, and T G A°V the image under Cyl of the diagram x A <— 

rxA^c(M). 

It follows from 12.3.51 the existence of natural isomorphisms \I' : sT ^ c{g) and 
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$ : sT c(/y) in HoV. 

Diagram fl4.8p provides the morphisms 

/ : c{Iy) - (RX)[1] ; /' : sT ^ X[l] ; /" : c{g) ^ (RX)[1] 

. We deduce from the functoriahty of the isomorphisms \E', and $' the 

commutativity in ifoP of the following diagram 



c{9) 
f" ^ 
(RX)[1] 



-sT 

/' 

xm 



/ 

'r(X[1]) . 



(4.9) 



On the other hand, the morphism /" : c{g) (RX)[1] is obtained as the image 
under the cone functor of the square 



RX 
RX 



c(/dy) 

I 



Since Idy € E, from 12. 2 .TOl we deduce that clldy) is an equivalence. Hence 
it follows from corollary 12.2.71 that /" is in E. 

Then by dUDwe find that / G E. Take 6 = Xx[i]of = /"o^"^ : c(Jy) ^ X[l], 
that is isomorphism in HoV by definition. 

We must check that diagram (14.71) is in fact a morphism of triangles. In other 
words, we must see that the squares appearing in this diagram are commutative 
in HoV. 

The equality iyoAy = Iy, follows from the definition of ty. 

Let us prove that 6oLc(u) = Pu '■ c{u) — > X[l] in HoV. By definition / comes 

from the commutative square 



RY 



Iy 



X[l] , 

and hence /o/c(n) = Rpn, so 9oLc{u) = Xx[MofoIc{u)oK{u) = ^ut 
by the naturality of A, this is just 

Therefore, it remains to check the equality — ^[Ijo^ = Ay[l]op7y in HoV. To 
this end, it is enough to define a simplicial morphism H : X{1} — T such that 

a) f'osH = Idx[i], hence sH = (/')"^ and = \l>osiJ. 

b) \Y[l]opiYo'i'osH = -u[l]. 
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By definition X{1}„ is the coproduct (that is, the direct sum) of n copies of X. 
We will index this sum over the set {a : [n] — > [1] a 7^ Uq, Ui\ = A„ (see ll.5.4|) . 
Then 

x{iu = • 

o-eA„ 

On the other hand, T = Cyl{0 x A ^ Y x A ^ C{u)), that in degree n is 
(see II .7.41) T„ = C{u)^^ U0^g^^ Again, by definition of the simplicial cone 
functor, T can be described as 

Define the restriction of Hn : X{1}„ Tn to the component a of X{1}„ as 
the map 

H^\^ = {Id, -u) : X" ^ X"'^i © . 

Now we are ready to check a) and b). 
Firstly, let us prove that f'osH = Idx[i]- Let Q : C{u) be the 

morphism obtained from the square 

Id\ \ 

X ^0 . 

By definition /' = sF', where F' : T ^ ^{1} is the morphism obtained from 
applying Cyl to the diagram 

iy 



Y — ^ C{u) 

1 ^1 
0- -X{1} . 



Then : (F«-"i © 0^,^^ X^^^-) © 0^,^^ F"-'^ 0^,^^ X'^ is given by 
F'\ 



: X{1}„ ifa^Uo,p = u, 

Id : X^'^i ^XP if peAn,(T = Ui . 



Therefore it is clear that F'oH = Idx{i}, so f'osH = Idx[i]- 
Proof of b). We may check the commutativity of 

.Y|l| --^ . K|l] 



sH 



sf ^ Cily) ^ iRY)[l] . 
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^ 

1 " 

^ 



Denote hy P :T {1} the image under Cyl of 

Y 

d ^ 

Y 

Consider now the cube 



C{u) 
1 

-0, 




The isomorphisms provided by 12.3.51 are natural, so the above cube gives rise 
as before to the following commutative diagram in HoT) 



sT- 

sP 

Y[l] 



^ c[h 



Ply 



\y[1] 



mm 



consequently \y[^]°Piy°^ = S-P in HoV. 

Moreover, we have trivially the equality of simplicial morphisms PoH = —u{l} : 
X{1} ^{1}, that is just the morphism induced by 



X 



Y 











Then Ay [l]op/yo\E'os/7 = sPosH = —u[l], so b) is proven. 

To finish the proof it remains to see that H is a. morphism of simplicial objects. 

Recall that = © 0pGA„ ^'''"O ® ©aeA„ ^"''^ " • N 

a morphism of A, then T{a) : T„ —>■ Tm is 



\n\ IS 



Tia) 



Id-.Y" ^ Y"'^ 



if aa G 

if o" G A„, oa = Ui 
if (J G A„, aa = Uq 



[C{u)]{a):C{u)l^^C{u)2 iia = m 
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That is 

' Id : y"''" if aa ^ uq, p ^ ui 

: y"i'^ if (7 e A„, aa ^ uq, p ^ ui 

T{a)\p,a = {id: XP'"^^ X^"''''^ if pa e a = Ui 

u : Xf'""^ Yux,u^ if p e A„ and pa^ux.o^ux 

: X'''"! ^ if p e A„, pa — u^, a — u\ . 

On the other hand, X{1}„ = > ^"^^ ^^^^ restriction of (X{1})(q!) : 

— > to the component cr is defined as 



Id-.X" ^ X"'^ if (jq; e A, 
0:X^^X{1}^ if (tq;^ A, 



In addition, ■ X{l}n T,, is = {Id, -u) : X" ^ X"^'^^ © V^'" . 
Let us see that i?^oX{l}(Q;) = T{a)oHn. We have that 



i/^oX{l}(a)U = 



: X- ^ if ^ A^ . 



If era 7^ uq,ui, it follows from the definitions that T{a)oHn\a — {Id,—u) : 

If era = Mo then T{a)\x<^'-^i®Y'^i''' is the trivial morphism, so the equality is 
satisfied. 

Finally, if aa — ui then T{a)oHn\a- is the composition 

(Id,-u) u+Idv 

Then T{a)oHn\a — 0, and the proof of is finished. 

Proof of ii). Assume that Y ^ Z ^ X[l] is distinguished. Applying 

ii) twice wc obtain that X[l] Z[l] Ar[2] is also distinguished. 

If wc take the trivial isomorphism of triangles consisting of ±Id, we deduce 
that X[l] ^Y[l]^ Z[l] X[2] is distinguished. By the axiom TRl, the 
morphism u : X ^ Y can be inserted into a distinguished triangle 

X^Y^Z'^ X[l] 

If we apply three times i) to it, we obtain the distinguished triangle X[l] 

Y[l] Z'[l] ^a^' X[2]. 
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Then it follows from TR3 the existence of an isomorphism : Z[l] Z'[l], 
such that the diagram 



Id 



[1] 




1] 


v[l] 


■z[ 




Id 






e 


[1] 


"[11 Y 


1] 


v'll] 


Z'[ 



w[l] 



X[2] 



Id 



X[2]. 



commutes. Since T is fully faithful, there exists an isomorphism B' : Z 
of HoT> such that O = 0'[1], and the diagram 



Z' 



X 



Y 



Id 




Id 


6' 


■ 


> 







X 



Y 



~X[l] 

Id 



is commutative, so the upper triangle is distinguished. 
Summing all up, we have the following 



□ 



Theorem 4.1.17. IfV is a simplicial descent category then the axioms TRl, 
TR3 and TRA of triangulated category hold. 

If moreover T> is an additive simplicial descent category then HoT> is a "sus- 
pended" (or right triangulated, IKV^ ). 

A functor F : V V of additive simplicial descent categories 13.3.11 induces a 
functor of suspended categories F : HdV HoV . 

Proof. Except the last part, the theorem is already proven. 

Let F : V ^ V he a functor of additive simplicial descent categories , and 

: s'oA°F — s> FoS a natural transformation as in definition 12.5. 1[ 

If / : X — s> y is a morphism of V, let us see that F{c{f)) is isomorphic to 

c'{F{f)) in HoV, through a functorial isomorphism 6. 

Since F is additive and the simplicial cone is defined degreewise using direct 
sums, it follows that the canonical morphism ap : A°F{C{f x A)) ~ C{F{f) x 
A) in A°T>'. On the other hand cxp commutes with the canonical inclusions 
F{iY) : F{Y) X A ^ A°F(C(/ x A)) and ipv : F{Y) x A ^ C{F{f) x A). 
Hence, c'{F{f)) = s'C{F{f) x A) s'A°F{CU' x A)) ~ F(s(/ x A)) = 
F{c{f)) gives rise to the natural isomorphism 6 between c'{F{f)) and F{c{f)). 
In particular 6 : F{X[1]) = F{c{X 0)) - {FX)[l\ = c'{FX 0) in HoV, 
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and from the functoriality of G and ap follows that the diagram 



FX ^ FY -^^Fif)) 



Fipf) 




Id Id e 



FX ^ FY ^V(c(/)) 



F{X[1]) ^ . 



is commutative, providing an isomorphism of triangles. 



□ 



Corollary 4.1.18. IfV is an additive simplicial descent category such that 
T : HoV — > HoV is an automorphism of categories, then HoV is a triangulated 
category. 

A functor F -.V of additive simplicial descent categories induces a functor 

of triangulated categories F : HoV — > HoV. 

Remark 4.1.19. In fact, the axioms TRl,. . .,TR4 hold just assuming that T> 
is an additive simplicial descent category and T is fully faithful. 
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Chapter 5 



Examples of Simplicial Descent 
Categories 

In the previous chapters we developed the notion and properties of simphcial 
descent categories. Now we introduce examples of such categories. The first 
one consists of the category of chain complexes. The axioms of simplicial de- 
scent categories will be checked by hand in this case, whereas in the remaining 
examples we will use the transfer lemma to this end. 

5.1 Chain complexes and homotopy equivalences 
5.1.1 Preliminaries 

(5.1.1) Let A be an additive category. Denote by Ch^,{A) the category of chain 
complexes in A. We will assume that A has numerable sums, that is, if {Ak}kez 
is a family of objects of A, then ©^.g^ Ak exists in A. 

If we consider the category of uniformly bounded bellow chain complexes (see 
I5.2.4p . for instance positive chain complexes, the assumption of the existence 
of numerable sums in A can be dropped, so in this case A is just an additive 
category A. 

Definition 5.1.2 (Double and triple complexes; total functor). 

• Let Ch^Ch^{A) be the category of double chain complexes, also called "naif" 

(cf. |Del] ) . An object A of Ch^Ch^{A) consists of the data 

A — SA. .-rl^-A. ..A. rl'^ ■ A . . . A . . T 

1^*1, *2 1 ■ *li*2 ^li — 1,«2 ' ■ *li*2 *li*2 — IJ 



153 



^0,2 — ^1,2 — ^2,2 



^1,1 ^ ^2,1 



A., ^ A,. ^ A 



2,0 



The functor Tot : Ch^Ch^{A) Ch^{A) is defined as follows. 
If A = {Ai-^^i^;d^ : Aj^^jj Ai^_ii^,d? : Ai^^i^ Aj^^j2_i} is a double complex, 
TotA is the (single) chain complex given by 

(ToM)„ = A,,,,,; d = ®{-iy'd' + d^ . 

11+12— n. 

• Consider now the category Ch^,Ch^:Ch^:{A) = 3 — Ch^,{A) of triple chain 
complexes. 

Given an object A = {Aj^ d^, d"^, d^} of3—Ch^{A), where d^ is the boundary 
map corresponding to the index ij, set 

Tot^'\A)p^g= dP = ®{-iy-'d^ + d'',d'^ = (Bd''; 

Toe^\A)p^,= A,,,„,3; d^ = ®{-lY'd^ + d\d'' = ®d^- 

Toti'=^(A)p,, = A,,,,,i3; d^ = ®{-iy'd^ + d\d'^ = ®d\ 
n+«3=p 

In this way we obtain the functors Tot^'^Tot^'S^Tot^'^ : 3-C/i,(A) CKCK{A). 

Remark 5.1.3. Following |Del] . the functor Tot : CKCK{A) Ch^{A) is 
the total functor corresponding to the order ii > 12 and the respective total 
functor corresponding to 12 > ii is canonically isomorphic to the one used here. 
In other words, if F : Ch^Ch^{A) Ch^,Ch^:{A) is the functor which swaps 
the indexes of a double complex, then the following diagram commutes (up to 



154 



canonical isomorphism) 

CKCK{A) ^ CKCK{A) 

Tot 

CK{A) 

Lemma 5.1.4. The functors Tot : 3 — Ch^{A) Ch^{A) obtain by com- 
posing Tot : Ch^,Ch^,{A) Ch^{A) with Tot^''^ ,Tot'^''^ ,Tot^'^ are canonically 
isomorphic. 

Proof. Following the notations in [Delj . TotcTot^'"^ is the total functor given 
by the order i^ < 12 < ii, whereas TotoTot"^'^ corresponds to ii < i^ < 12 
and TotcTot^'^ to 12 < 13 < ii- So it follows from loc. cit. that these three 
compositions are canonically isomorphic. □ 

Moreover, the total functor "commutes" with cones in this case. Firstly, we 
will remind the classical construction of cone functor in the chain complex case, 
that will be also denoted by c : Fl{Ch:^{A)) Ch^X-^)- ^^t, the functor c 
is obtained as a particular case of the total functor Tot. 

Definition 5.1.5. If i3 is an additive category, the cone functor 

c:Fl{CKB) CK{B) 
assigns to the morphism f : X -^Y oi chain complexes the chain complex 

c(/)„ = y;©x„_i d'^f = 

Equivalently, if J : Fl{Ch^B) Ch^Ch^B is the functor with J'f equal to the 
double complex 





Xd'^ -fr d^ -y 
^ ^1 -^2 



fo 



f2 



d^ 



d^ 



Yo. 
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then c : Fl^CKB) Ch^{B) is the composition 

Fl{CKB) CKCKB Ch,B . 

Lemma 5.1.6. 

i)IfB = CK{A) and : Fl{CK{A)) — > CK{A), : Fl{CK{B)) — > 
Ch^{B) are the respective cone functors, the following diagram commutes (up 
to canonical isomorphism) 

Fl{CK{B)) CK{B) 



Tot 



Tot 



Fl{CK{A)) CK.{A). 

ii) The functor Tot preserve homotopies. That is, if f,g : X —^Y are homo- 
topic morphisms of chain complexes, then the induced morphism in the total 
complex are also homotopic. 

Proof. 

i) It suffices to check the commutativity (up to isomorphism) of the diagrams 
(I) and (II) bellow 

Fl{CKCK{A)) 3 - CKA CKCK{A) 



Tot 

Fl{Ch,{A)) 



(I) 



Toil, 3 (//) 



Tot 



Tot 



CK{A) ■ 



The commutativity of (II) follows from lemma [5.1.4l whereas the commutativity 
of (I) is an easy computation. 

Indeed, if / : -B„,m Cn,m if a morphism of Ch^:Ch^{A) = Ch^B then Tot{f) : 
Tot{B) Tot{C), and J{Tot{f)) is the double complex {Ajj^jj; (i\ d^} given 
by 

'o ifi2>l 
Tot{B)i, if Z2 = 1 
Tot{C)i, ifz2 = 

with boundary map is equal to either d'^°^^^^ or d^°*^^^^ depending on the 
case, and = Tot{f). 

On the other hand, J'^{f) is the triple complex Di^^i^^i^ given by 

if ^2 > 1 

-Bji,i3 if ^2 = 1 
Cj,,i3 if ^2 = 
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The boundary map (P is equal to /, whereas is equal to the boundary map 
of either B^^^a oi' C'n.m (depending on the case) respect to the index n, and 
analogously d^ is the one respective to the index m. Thus 

ifg>l 
Toh,z{DU = = { 0^^^^^ if g = 1 = J{Tot{f))p,, . 

. 0n+m=p if g = 



n+m=p 



Moreover, the boundary maps coincide, since # : Toti^^{D)p q — >• Toti^^{D)p_i^q 
is by definition 

if?>l fo ifg>l 

= "j ©(-1)""^^ + if g = 1 = < d : Tot{B)p Tot{B)p_i if g = 1 . 

+ ifg = [d:Tot(C)p^Tot(C)p_i if g = 

Finally, : Toh,s{D)p,g ^ roii,3(i?)p,,-i is ®4 = ©/ = Tot{f). 

ii) can be deduced from i) having in mind that a morphism p : X ^ Y oi 
Ch^{B) is homotopic to if and only if p can be extended to the cone of X. 
Hence, if / and g are homotopic in Ch^{B) then 3H : c'^{X) Y such that 
the diagram 

f-9 

X — ^Y 

X X 

is commutative. Applying Tot to the previous diagram, it follows from i) that 
Totf — Totg can be extended to c{TotX), so the statement is proven. □ 

Remark 5.1.7. Recall that the cone functor c : Fl{CK{A)) CK{A) sat- 
isfies the following properties 

i) / is a homotopy equivalence if and only if c(/) is contractible, that is, is and 
only if the morphism c(/) ^ is a homotopy equivalence. 

ii) if A is abelian, / induces an isomorphism in homology if and only if the 
homology of c(/) is equal to 0. 

Definition 5.1.8. Simple functor: The simple functor s : A°Ch^{A) — > 
Ch^{A) is defined as the composition 

A°Ch4A) CKCKiA) CK{A) 
where K{{X,d,,s,]) = {X, ^(-1)*^,}. 
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More explicitly, let X = {Xn,di,Sj} be a simplicial chain complex. Then, 
each Xn is a chain complex, that will be referred to as dx„}pez- 

Note that X induces the double complex (15. ip . with vertical boundary map 
dxn • ^n,p — > Xn,p-i and horizontal boundary map d : X„_p —>■ Xn-i,p defined 
as <9 = J2Loi-^ydi ■ 



■ Xn-l 



,P+1 



^n — l 



P 

dx 1 

^n — 1 



■ l,p- 



1 



■X, 



n,p+l 



dXn 



x„ 



n.p 
dxn 



■X 



n,p—l 



Xn+l,p+l ^ 



(5.1^ 



Thus, the image under the simple functor of X is the chain complex sX 
given by 



p+n=q p+n=q p+?i=g— 1 

Weak equivalences: Define E as the class of homotopy equivalences. 

Transformation A: Given A E Ch^:{A), s{A x A) in degree n is 0fc<„^fc, 
in such a way that A is canonically a direct summand of s{A x A). Then, 
Ayi : s{A X A) ^ y4 is just the projection. 

Transformation fi: Given Z G A°A°CK{A), fiz ■ sD{Z) sA°s(Z) is 
obtained from the Alexander- Whitney map IA.1.31 

In degree n, the restriction of {fiz)n '■ ®p+q=nZp^p^q — > ®i+j+q=nZij,q to the 
component Zp.p^q is ®i+j=p^izi,j,q ■ Zp^p^q Zij^g, where 

Proposition 5.1.9. Let A be an additive category with numerable sums. 
Then Ch^{A)A together with the homotopy equivalences, and together with the 
simple functor, A and fj, defined above is an additive simplicial descent category. 
In addition, is associative and A is quasi-invertible. 
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Proof of [5X91 

The first two axioms are well known, whereas (SDC 3) follows from the addi- 
tivity of s (since it is the composition of additive functors). 

Proof of axiom (SDC 4): We must check that the diagram bellow commutes up 
to natural homotopy equivalence 



K 

CKCK{A) 

Tot 



A°CK{A) 



K 



CKCK{A) 



Tot 



CK{A). 



Following the notations given in 15.1.21 we can split our diagram into 
A°A°CK{A) A°CKCK{A) A°CK{A) 



(5.2) 



D 



K 



K 



(I) 



3-CK{A) # CKCK{A) 



Tot^ 



Tot 



A°CK{A) 



CKCKiA) 



CK{A)- 



The right hand side of (15.21) is commutative, whereas (I) commutes up to homo- 
topy, by the Eilenberg-Zilber-Cartier's theorem (see lA.l.ll) . taking W = Ch^{A). 
Then, given Z e A°A°CK{A), consider ^E^ziZ) : KI){Z) Tot^'^KA''K{Z) 
as in lA.l.li Hence /i = Toto^E-z '■ sD sA°s is a homotopy equivalence 
because Tot preserve homotopies. 

Proof if axiom (SDC 5); 

Firstly, consider an additive category B and the functor I : B ^ Ch^{B) that 
maps A into the complex 1{A)q = A, T{A)n = if n > 0. 
Let us see that there exists a functor G : B ^ Ch^B such that G{A) is con- 
tractible for every A. Recall that contractible means that the identity over 
G{A) is homotopic to the zero morphism. In addition, we will check that 
K{- xA)=I®G. 

Indeed, if A ^ B then K{A x A) is the chain complex 







A ^ A A 



A ^ A 
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Then, define G{A) as 

0- 0- A^A^A^A^ . 

Clearly, K{A x A) = I{A) © G{A). To see that G{A) is contractible, just take 
the homotopy if„ = Ma : G{A)n G{A)n+i, n > 0. 

Set now B = Gh^A. If A is a chain complex of B, it holds in Gh^,{B) that 
K{A X A) = I{A) ® G{A) and then 

s{A X A) = TotK{A X A) = TotI{A) © TotG{A) = A®TotG{A). 

By definition is the projection A(BTot G{A) A. Since Tot preserve homo- 
topies and is additive, then Tot G{A) is contractible. Hence Xa is a homotopy 
equivalence. 

Proof of axiom (SDC 6); 

The case y = x A can be found, for instance, in [B]. 
The general case follows from proposition I2.1.11[ 

Proof of axiom (SDC 7); 

Let B an additive category. The functor K : A°B Gh^B induces in a natural 
way a functor Fl{A°B) — > Fl{Gh^B), that will be denoted also by K. 
Assume proven the commutativity up to homotopy equivalence of the diagram 
belloJll 

Fl{A°B) -^-^ A^B (5.3) 



K 



K 



Fl{GKB) -^^GKB, 

where G denotes the simplicial cone functor [1.5.71 and c : Fl{Gh^B) — > Gh^B 
is the cone of chain complexes given in I5.1.5[ 

In this case, if B = C/i*(^), since Tot preserves homotopies (see 15.1.61) we 
obtain that TotoKoG = SoG is homotopic to TotaC^oK. Again by lemma I5.1.6[ 
TotoC^ is isomorphic to c'^oTot. Therefore SoC is homotopic to c^oTotoK = 
c^oS. Equivalently, the following diagram commutes up to (natural) homotopy 
equivalence 

Fl{A°GK{A)) ^ A°GK{A) (5.4) 



Fl{GKA)— ^GKA. 



^ This is a well known fact and due to Dold and Puppe. An analogous proof for the cosimplicial 
case appears in [H] p. 21 
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Hence, given f : A B in A°Ch^:{A), it follows that sCf — is a homotopy 
equivalence if and only if c-^(s/) — > is so, and this happens if and only if 
sf is a homotopy equivalence, by the classical properties satisfied by the cone 
functor : Fl{Ch^{A)) Ch^{A). Consequently (SDC 7) would be proven. 
Hence it remains to prove the commutativity up to equivalence of diagram 
(15. 3p . Indeed, let f : A —* B he a morphism of simplicial chain complexes. 
By definition C{f) is the total simplicial object associated with the following 
biaugmented bisimplicial object (see 11.3.171) 



B. 



Ao 



Bi^ A, 



Bo^ A, 



Ao 



A. 



Ao 



Ao ^= Ao ^= Ao 



The image under K of C{f) is the same as the total chain complex of the double 
complex obtained by applying K to 



Ao 3= Ai 



A, 



5n 



Ao 



Bi < B2 



A, 



A, 



5, 
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This double complex is homotopic by columns to 



0^ 0^ 









A 




A 














/o 






/l 




/2 


E 






E 




E 






'0 






'1 




'2 - 



whose associated complex is just c{Kf). 

We will give exphcitly a homotopy equivalence between K{C{f)) e C/i*B and 
F — c{K{f)). We have that F is the chain complex given by 

Fn = c{K{f ))n = Bn® An-i ; d'\b, a) = (d^^^(6) + /(a), -d''^{a)). 

By definition, it holds that 

K{C{f))n = Br,®A^_^®---®Ao and is 

fe=l l<fc<n/2 

Consider the chain complex A defined as 

An = An-2 e • • • © ^0 if w > 2 and Aq = Ai = 

n 

k=2 l<fe<n/2 

Then K{C{f)) = F ® A, since it holds that © = (i^(<^(/)). In addition, I 
is contractible. 

n+l 

To see that, let hn = ^ IdA„_k '■ ® • • • © ^ ^n-i © A-2 © • • • © if 

k=2 

n>2 and /iq = = 0. If n > 2 then 

n n+l 
k=2 l<fc<n/2 fe=3 l<fe<(n+l)/2 

Thus, the projection K{C{f)) — > c{K{f)) is a homotopy equivalence. 
Proof of axiom (SDC 8); 
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The functor T : A°C/i*(^) A°Ch^:{A) assigns to the simphcial chain com- 
plex X the chain complex TX whose face morphisms are dj^ = d^_^ : X^ 
Xn-i- Then K{TX) has as horizontal boundary map the morphism d^^^^^ = 
'l2i=oi~^y(^n-i = {—l)^d^^, whereas the vertical boundary maps coincide in 
both cases. 

The double complexes KX and K{TX) are then canonically isomorphic. Com- 
posing with Tot, we deduce that the functors s, SoT : A°Ch^{A) Ch^:{A) are 
also canonically isomorphic, so (SDC 8) is proven. 

Compatibility between X and fi: 

Given X in A°Ch^{A), we must check that the following composition of mor- 
phisms are equal to the identity 

,X s((sX) X A) sX 

sX ^ s(n ^ s(X„ X A)) ^-^^X . 
Firstly, consider the bisimplicial chain complex Z = A x X. By definition 
s((sX) X A)„ = s(X), = X,, 

p+q=n p+i+j=n 

and (Asx)n : 0p+g=„(sX)p (sX)„ is the projection of 0p+j+^-=„Xij onto 
On the other hand, the restriction of (yUz)n : Xi^k Xt^k to Xi^k is 

l+k=n s+t+k=n 

X{d'd'-'---d'+'):Xi^k^Xt,k . 

s+t=l 

To compose with {Xsz)n is the same as to project over the components with 
s = 0, that is, t = I in the above equation. But the restriction of {fiz)n to these 
components is the identity. 

Therefore Xsx°^^Axx = Id. The case Z = X x A is completely similar. 
Finally, the associativity of /i follows from the associativity of ^e-z (proposi- 
tion [ATlII), whereas the quasi-inverse of A is just the inclusion of A as direct 
summand of s{A x A). 

□ 

Remark 5.1.10. As in the proof of the commutativity up to homotopy of 
diagram (15.41) in (SDC 7), it holds that given any chain complex A, there exists 
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a natural homotopy equivalence between cyl{A) and the classical cylinder of A. 
In addition this equivalence is compatible with the respective inclusions of A 
into both cylinders. 

Hence, the properties deduced for Ch^{A) from sections [2.21 12.31 and 12.41 and 
from chapters [3] and [3l recover the classical treatment of the homotopy category 
associated with Ch^{A). 

Another consequence is that each class E making Ch^,{A) into a simplicial 
descent category must contain the homotopy equivalences. 

Again by (15. 4p . the shift functor induced by the descent structure coincide 
up to homotopy equivalence with the usual one. Thus it is an automorphism 
of categories HoCh^{A) HoCh^{A). Therefore, we obtain in this way the 
usual triangulated structure on HoCh^{A) by theorem I4.1.17[ 

5.2 Chain complexes and quasi- isomorphisms 

Now, let A be an abelian category with numerable sums (or just an abelian 
category if we work in the uniformly bounded-bellow case, I5.2.4p . 

As in the additive case, consider the simple functor s = TotoK : ^°Ch^{A) — » 
Ch^{A), and the natural transformations A and given in definition 15.1.81 

As usual, a quasi-isomorphism is a morphism of Ch^:{A) that induces iso- 
morphism in homology. 

Proposition 5.2.1. Let A he an abelian category with numerable sums. Then 
the category of chain complexes over A, together with the quasi-isomorphisms 
as equivalences are an additive simplicial descent category. In addition X is 
quasi-invertible and /i is associative. 

Proof. Again, the two first axioms are well known properties. The axioms (SDC 
3), (SDC 4), (SDC 5) and (SDC 8) follow directly from the additive case. 
The axiom (SDC 7) is again a consequence of 15. 1.71 and of the commutativity up 
to homotopy equivalence of diagram 15.41 in the proof of (SDC 7) in proposition 

Exni 

Finally, to see (SDC 6) it is enough to proof that if X G A°Ch^{A) is such that 
Xn is acyclic for all n > 0, then sX is so, by I2.1.1I1 

If X is such a simplicial chain complex, then KX is a double complex located 
in the right-half of the plane, and whose columns are acyclic. The following 
lemma state that Tot{KX) = sX is acyclic in this case. □ 
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Lemma 5.2.2 ([B], p. 98, exercise 1.). 

Let {Xp^q ; d} : Xpq — > Xp_i q ; dP : Xp^q — >• Xp^q_i\ he a double chain complex 
such that 

1. Xp,q = Olfp< 0. 

2. Given p >0, the complex Xp = {Xp^q ; d"^ : Xp^q Xp^q^i} is acyclic. 
Then Tot{X) is acyclic. 

Proof. The proof given here is an adaptation of the same fact for "first quad- 
rant" double complexes with acyclic columns. 
Given q > 0, consider the sub complex C Tot{X) defined as 

(F% = Xp,q 

p+q=n ; p<l 

that is in fact a subcomplex of Tot{X) since d^°^^^\F'') C F«. 

In this way we obtain the increasing chain of subcomplexes of Tot{X) 

C Xo = F° C . . . C F'' C C . . . C Tot{X). 

Moreover, we have the short exact sequence 

^ ^ F'+i ^ F'+VF' ^ . 

Since F'+^/F' ~ Xi^i and F° = Xq are acyclic, it follows by induction that F'^ 
is acyclic for every g > 0. 

If [x] G H''{Tot{X)) is the class of x G ker{4 : Tot{X)r Tot(X)^„i}, in 
particular x G 0p+g=r "^p.g- Then, by definition of direct sum, there exists a 
finite set of indexes I such that x G ^^^^ ^p,q- Therefore, we can find / such 
that X G Fl. But d^^x = dr°^^^^x = and F' is acychc, so x = d^''x' = d^"''^-^^ x' . 
Hence [x] = and Tot{X) is acyclic. 

In other words, Tot{X) is just the colimit of F° C ■ ■ ■ C F" C F''+^ C ■ ■ ■ , 
where each F'^ is acyclic, so Tot{X) is also acyclic since homology commutes 
with filtered colimits. □ 

As in the additive case, the shift functor induced by the descent structure 
coincide up to homotopy equivalence with the usual one. So it is an automor- 
phism of HoCh^{A). Therefore . 14 . 1 . 1 71 recover the usual triangulated structure 
on the derived category of A. 
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Remark 5.2.3. In the abelian case, apart from the usual simple we can also 
consider the "normalized simple" that is defined using the normalized version 
oiK 

Kn ■■ A°B CKB 

instead K. Given a simplicial object B in B, Kn{B) is just the quotient of 
K[B) over the degenerate part of B [May] . Then, Kj^ provides the normalized 
simple functor 

: ^°CK{A) CK{A) , 

that also gives rise to a simplicial descent category structure on Ch^,{A). This 
time A = Id, whereas the transformation /i of the non- normalized structure 
pass to quotient, inducing /i^r : S7v°D — > SArA°S7v. 

This new descent structure is of course equivalent to the non-normalized one, 
since the projection K — ^ K]^ is a homotopy equivalence [May] , and applying 
Tot we obtain a homotopy equivalence relating s and s^v- 
Consequently, the identity functor Ch^{A) Ch^{A) is an equivalence of de- 
scent categories. 

In the normalized case, the corresponding diagram (15 ■4p appearing in the proof 
of (SDC 7) is commutative. Similarly, if we compute cyl{A) using this nor- 
malized simple we obtain the usual cylinder associated with A, for each A in 
Ch^{A). In particular, the shift functor coincides with the usual one in this 
case. 

Remark 5.2.4. In sections 15.21 and [F!T] we have considered non bounded chain 
complexes, but all the properties contained in this section remain valid for uni- 
formly bounded-bellow chain complexes. 

Denote by ChgA the category of chain complexes {An,d} with A„ = for 
all n smaller than the fixed bound g G Z. In this case, we don't need to impose 
the existence of numerable sums to define the simple functor, since we deal now 
with first-quadrant double complexes. 

Proposition 5.2.5. Let A be an additive {resp. abelian) category. Then 
ChgA with the homotopy equivalences [resp. quasi-isomorphisms) as equiva- 
lences and the transformations A and fi given m l5.1.8L are an additive simplicial 
descent category. In addition A is quasi-invertible and fi is associative. 

In this case the shift functor is not an automorphism of HoChgA, so HoChgA 
is a suspended category (that is, right triangulated). 
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Remark 5.2.6. The case Ch^A of (non-uniformly) bounded-bellow chain 
complexes cannot be considered directly as an example of simplicial descent 
category, since the simple functor doest not preserve bounded-bellow chain 
complexes. 

However, we can use the previous proposition and argue as follows in order to 
give a proof based in these techniques of the well known triangulated structure 
on the derived category of Chi, A (that is, the bounded-bellow derived category 
associated with A). 

Corollary 5.2.7. Let Ch^yA be the category of bounded-bellow chain com- 
plexes. Then the localized category HoCh^^A ofChy^A with respect to the quasi- 
isomorphisms (resp. the homotopy equivalences) is a triangulated category. 

Proof. Let us prove the case HoChy^A = Dy^A, the localized category of Chy^A 
with respect to the quasi-isomorphisms. The other case is completely similar. 
The idea of the proof is just to induce in Dy^A'' =" IJfcez HoChkA the suspended 
category structure coming from each HoChkA, and since in Dy^A the shift 
functor is an automorphism, it follows that D\,A is triangulated. 
Before localizing, we have the chain of inclusions of categories 

• • • C ChkA C Chk+iA C ■ ■ ■ C Chy,A 

and Chy,A = [jj^^^ChkA. 

For any A; G Z, the category ChkA is an additive simplicial descent category. In 
particular, we have the cone functor : Fl{ChkA) ChkA, that is compatible 
with the inclusions ChkA C Chk+iA. This compatibility holds because the 
simple functor does not depend on k. Then, the family {c^} induces the cone 
functor c : Fl{Chy,A) Chy,A, that is well defined. Therefore, the shift 
functor [1] : Chy^A — Chy^A is also defined. Moreover, it preserves quasi- 
isomorphisms, so it passes to the derived categories. 

Given a morphism f : X Y in Chy^A, there exists K & Z such that / is 
in ChxA, so / gives rise to the triangle 

X^F — c(/)— (5.5) 

where all arrows are in ChxA because A is quasi-invertible. 

Define the class of distinguished triangles of D\jA as those isomorphic (in 
DyyA) to some triangle in the form (15. 5p . 

This class of distinguished triangles is by definition closed by isomorphism. 
Each distinguished triangle of D\jA is isomorphic to some distinguished triangle 
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of DkA, for some K. Since DkA is suspended (theorem 14.1. 171) . Thus the 
distinguished triangles of Di^A satisfy all axioms of suspended categories. 

Consequently, D^^A is suspended, and since [1] is an automorphism, it is 
triangulated. □ 

Remark 5.2.8. The above proof can be generalized to the case in which a 
category T> is the inductive limit of a family of simplicial descent categories, 
because the argument used above just means that theorem 14.1.171 is preserved 
by "inductive limits". 



5.3 Simplicial objects in additive or abelian categories 

The Eilenberg-Zilber-Cartier theorem lA.l.ll admits an interesting interpretation 
in the context of descent categories. Under our setting, this theorem means that 
the simplicial objects in an additive category are a simplicial descent category, 
taking as simple the diagonal functor, and as equivalences the morphisms that 
are mapped into homotopy equivalences in Ch^A. 

Let Ch^A be the category of positive chain complexes of A (that is, Ch^A = 
ChoA iuEZM- 

Remind that the functor K : A°A — > Ch^A given in 15.1.81 is defined by 
taking as boundary map the alternate sum of the face maps. 

Next definition describes the descent structure on /S.°A. 
Definition 5.3.1. 

Simple functor: The simple functor is the diagonal functor D : A°A°^ 
AM. 

Equivalences: The equivalences are the class 

E = {/ G A°^ I K{f) is a homotopy equivalence} . 

Transformations A and yu: The natural transformations A and /i are defined 
as the corresponding identity natural transformation. 

Proposition 5.3.2. Under the previous notations, (AM, E, D, /i. A) is an 

additive simplicial descent category, in which A is quasi-invertihle and fi asso- 
ciative. 

In addition, K : A°A Ch^A is a functor of additive simplicial descent cat- 
egories, where we consider in Ch^A the descent structure given in proposition 
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Proof. Let us check that K : A°A Ch^A satisfies the hypothesis of transfer 
lemma I2.5.8[ 

The axioms (SDC 1) and (SDC 3)' are clear. Let us see (SDC 4)'. 

Since s = D, the compositions sA°s and sD are equal, so it suffices to take 

H = Id : sD ^ sA°s. 

To see (SDC 5)', consider X G A°A°^. Then D(X x A) = X, and we can set 
A = Id. 

The compatibility between A and /i holds trivially. In addition, K is an additive 
functor, in particular it is quasi-strict monoidal, so (FD 1) holds. 

It remains to see (FD 2). Denote by {Ch+A,E' ,s' , fi' , X') the descent structure 
on Chj^A given in 15.2.51 By theorem lA.LlI a) for U = A, we deduce that 
= ^E-z '■ KoD —>■ s'oA°K is a homotopy equivalence when we evaluate it at 
each bisimplicial object of A. 

Then, if X G A°A°^, the morphism 9^ = I^e-z ■ KD{X) s'A°K{X) is 
"universal" and such that (0x)o = ^dxo^o '■ ^o,o ^o,o- 
Let us check the compatibility between A, fi, 6, A' and /i'. 
Given X G A°^, denote by X the associated constant simplicial object, that is 
X„ m = Xm for all n, m. We must see that X'j^j^ofiE-z{X) = Idxx in Ch+A. 
By definition, {X'Kx)n '■ © ■ ■ ■ © Xq X„ is the projection, whereas 
liE-z{X) : X„ X„ © ■ ■ ■ © Xo is fiEzi^) = {Id, dn, dn-lodn, . . . ,dio - ■■ odn). 
Therefore, when we project over the component X„, we obtain the identity. 

The compatibility between Q = he^ and /z' (also obtained from he-z) is con- 
sequence of the associativity of this transformation IA.1.5[ 
Finally, A°^ is additive since A is, and the diagonal functor D : A°A°^ A 
is additive, so A°^ is an additive simplicial descent category. □ 

Assume now that A is an abehan category, and K : A°A Ch^A the 
usual functor. We have the additional descent structure on A°A. 

Definition 5.3.3. 

Simple functor: Again, the simple functor is the diagonal functor D : A° A°^ - 
A°A. 

Equivalences: The class of equivalences is 

E' = {/ G A°A I K{f) is a quasi-isomorphism in Ch^A} . 

Transformations A and /i: The natural transformations A and ^ are defined 
as the identity natural transformation. 
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Proposition 5.3.4. Under the above notations, (A°^, E', D, /i, A) is an ad- 
ditive simplicial descent category such that X is quasi-invertible and is asso- 
ciative. 

In addition, K : Ch^A is a functor of additive simplicial descent cat- 

egories, where the descent structure on Ch+A is the one given in proposition 

Proof. From the proof of proposition 15.3.21 we deduce that K : A°A —>■ Ch^A 
satisfies the conditions of the transfer lemma 12.5.81 now taking the descent 
structure on Ch+A in with the equivalences are the quasi-isomorphisms 15.2.51 

□ 

5.4 Simplicial Sets 

Denote by Set the category of sets, and by Ah the category of abelian groups. 

In this section we will give a descent structure to A°Set, in which the equiv- 
alences will be the quasi-isomorphisms. 

Definition 5.4.1. If L : Set — > Ah is the functor that maps a set T to the free 
group with base T, then the homology of a simplicial set W is the homology of 
the chain complex KoA°L{W), that is the image of W under the composition 
of functors 

A^Set A°Ab — ^ Ch^Ab). 

Definition 5.4.2. 

Simple functor: Again, the simple functor is the diagonal functor D : A°A° Set 
A-Set. 

Equivalences: The class E of equivalences consists of those morphisms that 
induce isomorphism in homology. 

Transformations A and fi: The natural transformations A and /j, are defined 
as the identity natural transformation. 

Proposition 5.4.3. Under the above notations, (A°S'et, E, D, /x. A) is a sim- 
plicial descent category such that A is quasi-invertible and fj, is associative. 
In addition, A°L : A°S'et A°Ab is a functor of simplicial descent categories, 
where the descent structure on A°Ab is the one given in proposition 15.3.41 

Proof. The compatibility between A and n is clear. The functor A°L : A°Set — >■ 
A°Ab satisfies the hypothesis of the transfer lemma 12.5.81 trivially, where G is 
again the identity natural transformation. □ 
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Remark 5.4.4. The homology of a simphcial set W coincides with the singular 
homology of its geometric realization \W\ (see |May| 16.2 ii)). Then 

E = {f : W ^ W' I I/I : \W\ \L\ induces isomorphism in singular homology} 
5.5 Topological Spaces 

Consider the category Top of topological spaces and continuous maps. We will 
endow the category Top with a descent structure in which the equivalences are 
the quasi-isomorphisms (that is, morphisms inducing isomorphism in singular 
homology) . 

The usual geometric realization | ■ | : A°Top —>■ Top present some disadvan- 
tages for our purposes. For instance, we need to impose some extra conditions 
to a map f : X Y such that /„ is an equivalence for all n in order to have 
that I/I is again an equivalence (see, for instance, [M] 11.13). In other words, 
the exactness axiom of simplicial descent categories is not satisfied by | ■ | under 
the generality needed here. 

This is the reason why we consider as simple the so called "fat" geometric 
realization, defined in a similar way as | ■ |, except that now we do not identify 
those terms related through the degeneracy maps (we only identify those terms 
related through the face maps). 

The natural transformation s ^ | ■ | is a homotopy equivalence when evalu- 
ated at those X G A°Top such that the degeneracy maps are closed cofibrations 
(see [H], appendix A), for instance when evaluated at simplicial sets. 

Definition 5.5.1. Let A : A — > Top be the functor which maps the ordinal 
[m] in A to the standard m-dimensional simplex A*" C M™"^^ given by 

m 

A'" = {{to, ...,tm)e M"+^ I ^4 = 1 and 4 > 0}. 

A;=0 

If /:[«]—> [m] is a morphism of A, then / induces a continuous map A(/) : 
A" A™. 

Setting Ji = f~^{{i}), then A(/)(to, . . . , tn) = (n, • • • , r^) where = Y.j&j,^3 
if Ji is not empty, and rj = otherwise. 

Recall that the singular homology of a topological space is by definition the 
homology of the simplicial set obtained through the "singular chains" functor. 
This functor S : Top A°Set assigns to a topological space X the simplicial 
set 

SX = {HomTop{A'',X)}„. 
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Then, the singular homology of X is just the homology of the chain complex 
KA°L{SX) given in definition EXH 

Definition 5.5.2. 

Simple functor: the simple functor s : A°Top — > Top is the "fat" geometric 
realization. Given a simplicial topological space 




consider the bifunctor A° x Ag ^ Top 

([n],[m]) X A- 

The fat geometric realization of X is defined as the cofinal of this bifunctor (cf. 

my- 

/•n 

sX = I X„ X A" 

more specifically, 



SX= II^nXA^ 



n>0 / 

where ~ is the equivalence relation generated by 

{di{x),u) ~ {x, A{di){u)) if di : [n — 1] ^ [n], and (x, m) G X„ x A"~^ 

We will write [x, t] for the equivalence class of an element (x, t) G U„>o x A". 

Equivalences: Consider the class E consisting of those continuous maps that 
induce isomorphism in singular homology. This kind of maps will be called 
quasi-isomorphisms as well. 

Transformation A: Given X G Top, the projections pn '■ X x A" X induce 
by the universal property of cofinals a continuous map Xx '■ s{X x A) —' X , 
natural in X, with Ax[a;,t] = x. 

Transformation /x: \i Z E A°A°Top, since the simple functor is defined as 
a cofinal, the Fubini theorem holds ( [MLj .IX.8). and we deduce that s A°sZ is 
the quotient of Yin m>o ^n,m x A" x A™ over the obvious identifications. 
Then, the maps (/iz)n : ^n,n x A" sA°sZ with {fiz)n[z,t] = [z,t,t] provides 

a continuous map fiz '■ SDZ SA°SZ such that fiz{[Znn,tn]) = [Zn,n,tn,tn]- 

Proposition 5.5.3. Under the previous notations, (Top, E, s, /z. A) is a sim- 
plicial descent category, such that fi is associative and A is quasi-invertible. 
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In addition, the singular functor S : Top A°Set is a functor of simplicial 
descent categories. 

Now we will begin with the proof of this proposition. To this end we need 
some preliminary results. 

Lemma 5.5.4. If f : X is a morphism in A°Top such that for all n, fn 
induces isomorphism in singular homology ( resp. fn is a homotopy equivalence) 
then the same holds for sf : sX —* sY . 

The proof for /„ quasi-isomorphism can be found in |Dup| 5.16, and the 
case /„ homotopy equivalence appears in [S] A.l. 

Remark 5.5.5. The previous lemma justifies the choice of s as simple functor 
instead of the usual geometric realization | ■ |. On the other hand, one of the 
advantages of | ■ | is the existence of the adjoint pair ( |May| , §16) 



Our simple functor s is defined by forgetting the degeneracy maps of a simpli- 
cial topological space. A consequence of this fact is that the above adjunction 
does not hold at the level of simplicial sets between s and S, but it holds at the 
level of strict simplicial sets. That is to say, there is an adjunction 

A°Set Top . 
s 

Due to this fact we will have to solve some technical difficulties in the proof of 
proposition I5.5.3[ 

Remark 5.5.6. Note that we can consider as well the homology of a strict 
simplicial set W G AlSet, because the functor K does not use the degeneracy 
maps of a simplicial set, that is, K : A°A6 — > Ch^{Ab). 

Then, quasi-isomorphisms between strict simplicial sets can be defined in the 
same way as those morphisms f : W ^ W in A°^Set that induce isomorphisms 
in homology. 

Definition 5.5.7. The geometric realization | • | : A°Top — > Top is defined 
as 



where ~ is the equivalence relation generated by 

(6'(x),m) ~ (x, A(0)(n)) if 9 : [m] [n] is a morphisms of A, and {x,u) G X„xA 



A°Set 



s 



Top . 



(5.6) 



X 
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We will write \x,t\ for the equivalence class of the element (x, t) G IJn>o"^'i ^ 
A". 

Definition 5.5.8. A simplicial topological space is called "good" if its de- 
generacy maps are closed cofibrations. 

Simplicial sets (with the discrete topology) are always good in this sense. 
Moreover, if T G A°A°S'et is a bisimplicial set, then the simplicial topological 
space X with X„ = |m — > Tm,n\, obtained by applying the geometric realization 
to T with respect to one of its indexes is also an example of "good" simplicial 
topological space. 

This is consequence of the fact that any degeneracy map sj : T.^„ — > T.^n+i 
is an inclusion of simplicial sets (because of the simplicial identities), and the 
geometric realization of any inclusion of simplicial sets is always a closed cofi- 
bration. 

Next we recall the following connection between | ■ | and s, given in [S], 
appendix A. 

Lemma 5.5.9. If X is a good simplicial topological space then the morphism 

Tx '■ sX — > |X| [x,t] \x,t\ 
is a homotopy equivalence. 

The fat geometric realization satisfies as well the classical Eilenberg-Zilber 
property. 

Lemma 5.5.10 (Eilenberg-Zilber). Given W E A°A°Set, the map r]{W) : 
|D(P1/)| |A°|iy||, with ri(W){[Wnn,tn]) = \u!n,n,tn,tn\ is an homcomovphism. 
The map jjiiW) : s{Y){W)) s/S.°s{W), with /u(W')([w„„, )!:„]) = [wn,„,t„,t„] is 
a homotopy equivalence. In addition, the following diagram commutes 

sD{W) sA°s{W) (5.7) 



\D{W)\ ^ \A°\W\\ , 
where P : sA°s(l^) — > |A°|H^||, [x,p,q] g|. 

Proof. Firstly, the usual Eilenberg-Zilber theorem ( |GMj . 1.3.7) states that 
TjiW) : |D(iy)| — i> |A°|iy|| is a homoeomorphism. The second part of the 
lemma is a consequence of the commutativity of diagram fl5.7p . since both r 
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(lemma 15.5.91) and P are homotopy equivalences. 

Fix n as the first index of W, obtaining Wn,. € A°Set. The projections 
Pn = Tw„ '■ s(IV„,.) — > \Wn,.\ are homotopy equivalences for all n by 15.5. 9[ 
Hence, p. = {pn}n ■ A°s{W) A°\W\ is such that s(p.) : sA°s{W) sA°\W\ 
is a homotopy equivalence by 15.5.41 

Since A°|l^| is a good simphcial topological space then the projection sA°|Vr| — >■ 
|A°|iy|| is also a homotopy equivalence, and composing both maps we deduce 
that the projection P : sA°s{W) |A°|14^|| is a homology equivalence as 
required. □ 

The following statement is similar to the classical result satisfied by the 
usual geometric realization | ■ |. 

Lemma 5.5.11. Consider the natural transformations $ : sS => Idxap (^nd 
^ ■■ IdAiSet =^ Ss defined as $(F)([A„, = A„(t„), = 
Then $ and ^ induce isomorphism in homology for all Y G Top and 
for all W e AlSet. 

Proof. As stated in the proof of ( |Dup| , 5.15), given W G A°S'et, then the 
fat geometric realization of W, sW, is a CW-complex whose n-cell are the set 
Wn- Then, the group of n-cellular chains of sW is just L{Wn) and the cellular 
boundary map is l)*'ij- 

Since the cellular homology and the singular homology of a CW-complex coin- 
cide, then the morphism \E'(iy) of A^Set induces isomorphism in homology. 

Consider now Y G Top. By the first part of the lemma, \E'(Sy) : SY — > 
Ss(Sy) induces isomorphism in homology. But S$(y)o\EfS(y) = Id : SY — * SY, 
so S<l>(y) is also a quasi-isomorphism. Hence ^{Y) induces isomorphism in 
singular homology. □ 

We need use the next technical result. 

Lemma 5.5.12. Let HoA°Set {resp. HoA^Set) he the localized category of 
simplicial sets {resp. strict simplicial sets) with respect to the quasi-isomorphisms. 
Then, the forgetful functor U : A°Set —>■ A°^Set preserves quasi-isomorphisms, 
giving rise to the functor 

U : HoA°Set HoAlSet . 

This is a faithful functor, that is, the map HomHoA°Set{W, L) HomHoA°Set(^W, 
is injective. 



175 



We will delay the proof of this lemma to give before the one of proposition 

[5331 



Proof of [5X31 

Let us check that the hypothesis of proposition 12.5.81 are satisfied by the singu- 
lar chain complex functor S : Top —>■ A°Set. 

First, note that the transformations A and fi are compatible. To see this, let X 
be a simplicial topological space, and [x, t] an element of sX representing the 
pair {x, t) e Xn X A". 

Then \sx°fJ'Axxi[x,t]) = \sxi[[x,t\,t]) = [x,t], so Kx^I^Axx = M and simi- 
larly s(Ax„)°/ixxA = Id. 

The disjoint union is the coproduct in Top, and the singular chain functor 
commutes with coproducts, so (FD 1) holds. 

In order to relax the notations, we will write also ip for the induced functors 
A°'4j : A°V A°V' and A°A°tp : A°A°I' A°A°V'. 
To see (FD 2), we must study the commutativity of the diagram 

A°Top A°A°Set 

s D 

Y ' ' 

Top — ^ A°Set . 

Define the isomorphism Qx '■ S{sX) D{SX) of HoA°Set as the one coming 
from the zig-zag in A°Set 

S{sX) S{sA°s{SX)) S|A°|SX|| D(^X) 
defined as follows. 

The transformation 0^ : 5'(sA°s(5'X)) S{sX) is just the image under 
Ss of the morphism (p : A°s(S'X) — X of A°Top, which in degree n is given 
by : sSXn Xn fsee 15.5. 111) . Therefore, if a : A" sA°s(5X) is the 

morphism that assigns to t G A" the class of {P,p,q) G SkX^ x A'^ x A™, it 
follows that 

e°.(a)(t) = s0oa(t) = [f3{p),q] G sX . 

Then, as each $(X„) is a quasi-isomorphism, we deduce from [5331 that s0 (and 
hence Sscp = 9^) is so. 

The transformation 0^ : S{sA°s{SX)) — » S'|A°|S'X|| is the image under S 
of the projection P : sA°s{SX) S\A°\SX\\, P{[x,t,r]) = |x,t,r|. In 15.5.101 
we checked that P is a homotopy equivalence for any bisimplicial set W, in 
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particular it is so for W = SX. 

Secondly, Qx '■ D(5'X) — > 5*1 A"!^^!! assigns to a : A" X„ the morphism 

e|(a) : A" ^ \A°\SX\\ given by t \a,t,t\, where {a,t,t) G ^^X^xA^xA^^ 

Note that induces isomorphism in homology, since it is just the composition 



I){SX) 



a : A" ^ X„ 



5'|D(S'X)| 



\a,t\ 



S\A"\SX\ 



i e A" ^ \a,t,t\ 



The morphism \I/'(S'X) comes from the adjunction (15.61) and it is a quasi- 
isomorphism (cf. |May| 16.2), whereas r]{SX) is a homeomorphism by 15.5.101 
so S{ri{SX)) is an isomorphism of simplicial sets. 

It remains to prove that O is compatible with the natural transformations A 
and /i of Top and A°S'et. To see this, by lemma [5.5.121 it suffices to check that 
the corresponding diagrams commute in HoAlSet. The advantage of word- 
ing in AlSet is that UB coincides in HoAlSet with the morphism of strict 
simplicial sets 

S{sX) ^ D{SX) 

such that e{X)n : S'„X„ = {7 : A" X„} ^ Ss{X) = {C : A" s(X)} is 

^(X)„(7)(t) = [7(t),t]Gs(X). 

Indeed, the morphism 0'{X) of A^Set defined as 



D(5X) 



a : A" -> Xn 



9'(X) 



■ S{sA°s{SX)) 

t e A" [a, t, t] 



fits into the commutative diagram 
^(sA°s(^X)) - 



9'iX) 



D{SX) 



U0| 



^|A°|^X| 

Hence UO = {\JQ]^oe'{X))-^ = e{X)-^ : 5(sX) ^ D(5X). 
Firstly, given Y G Top, diagram (12.181) in HoA^Set is now 

S{s{Y X A)) 



6l(YxA) 




D((5r) X A) 
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whose commutativity in AgS'et follows directly from the definitions. 

On the other hand, given Z G A°A°Top, fl2.18p is now the following diagram 



of HoAlSet 



DD(5Z) 



e(DZ) 



Id 



- DD(SZ) 

m(z) 
D5(A°sZ) 

■ 5s(A°sZ) 



Ss{DZ) 

whose commutativity is again a direct consequence of definitions. 
Therefore, the transfer lemma is proven for S : Top A°Set. 
To finish the proof, /i is clearly associative, whereas the quasi-inverse of A, 
A' : Mtop s(— X A), can be defined as follows. If X G Top and x E X, then 



A'. 



X 



is the equivalence class in s(X x A) of the pair 



G X X AO. 



□ 



Proof of lemma 15.5.121 The proof is based in the properties satisfied by the 
adjoint pair 



A°Set A°Set . 
u 



where vr : A^Set A°Set is the Dold-Puppe transform (see 11.1. IB]) . 

Step 1 : Denote also by tt : A°^Ah —>■ A°Ab to the Dold-Puppe transform in 
the category of abelian groups. We will use the functors K : AlAb Ch+Ab, 
K : A°Ab Ch+Ab and : A°Ab Ch+Ab, where K is as usual the 
functor that takes the alternate sums of face maps as boundary map, whereas 

n-1 

K^'iA) = K{A)/D{A), where D{A)^ = [j s.A^.^ . 

1=0 

Given any W G AlAb, we will see that 

K^inA) = K{A) . 
Indeed, if n > 0, K{TTA)n = Ue-M^H is enough to check that 

D(7rA)„ = n Al. 

e:[n]^[m],ej^Id 

By definition, the restriction of Sj : (7rA)„_i — > (vrA)„ to the component 
corresponding to a : [n — 1] -» [m] is just 

„.| ^ — ■ 4'^ V 40-0S, 
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Then, we deduce that D{7iA)n C U.e:[n]-.[m],e^id^m- 

The other inclusion is also clear since if 6 : [n] [m] is a non-identity surjec- 
tion, then there exists < i < n — 1 and 6 : [n — 1] ^ [m] such that 6 = OoSi. 
To see this, just take i such that 0{i) = 9{i + 1) and define 9' in the natural 
way. 

Step 2: It holds that vr : AlSet A°Set preserves quasi-isomorphisms. 
Indeed, if f : W ^ W is a quasi- isomorphism, this means that K{Lf) is so in 
Ch+Ab, where L : A°S'et -> A°v46 (or L : A°Set A°Ab) is defined just by 
taking free groups. Note that ttoL = Loir. 

From the previous step it follows that K'^{LTxf ) = K^{7iLf) = K{Lf) is also 
a quasi-isomorphism. Since and K are homotopic functors ( |May| 22.3), 
we deduce that nf is a quasi-isomorphism as well. 

Step 3: Given X G A°Set, the morphism ax '■ X ^ ttUX coming from the 
adjunction (vr,U), is a quasi-isomorphism. 

The morphism ax is in degree n the inclusion X„ — > X^^ U Ue-M^H e^id-^m- 
Then by step 2 we get that {Lax) ■ {LX) K^iirLX) = K{LX) co- 
incides with the inclusion K^{LX)n K{LX)n = {LX)n® D{LX)n, that 
again by loc. cit. is a homotopy equivalence. 

Step 4: The functor U : HoA°Set HoAlSet is faithful. 
Let f,g : X -^Y he morphisms in HoA°Set such that U/ = Ug in HoA°^Set. 
By step 2, vr pass to the localized categories, tt : HoAlSet HoA°Set. 
Then vrlJ/ = 7rU(7 in HoA°Set. On the other hand, it follows from the functo- 
riality of a that vrU/oax = ayo/, and vrUf^oax = av^g. From step 3 we deduce 
that ay is an isomorphism in HoA°Set, so f = g in HoA°Set. □ 

To finish this section we give the following consequence of the properties 
previously developed of functors | ■ | and s. 

Corollary 5.5.13. The geometric realization | • | : A°Set Top and the 
fat geometric realization s : A°Set — » Top are functors of simplicial descent 
categories. 

Proof. Firstly, let us begin with s : A°Set — > Top. The Eilenberg-Zilber theo- 
rem 15.5.101 provides the quasi-isomorphism = fiw : sDW — ^ sA°siy for any 
bisimplicial set W. The compatibility between = /z and the transformations 
A of A°Set and Top follows from the compatibility between those transforma- 
tions A and fi of Top. 
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On the other hand, the compatibihty between B and the respective transforma- 
tions fi can be deduced from the associativity property of the transformation fi 
of Top. 

To see that | ■ | : A°Set — > Top is a functor of simphcial descent categories, we 
can take this time as the zig-zag whose value at a bisimphcial set W is 

lBW\^\A^\W\\''-^s{A°\W\), 



where rjw is the homeomorphism given in 15.5.101 and t/^o\w\ is the homotopy 
equivalence from 15.5^ (indeed A°|iy| is a good simplicial topological space 
since it is obtained from bisimphcial set). 

Consider now a simplicial set T. The compatibility between and the re- 
spective transformations At is just the commutativity of the diagram 

|D(A X T)| ||T| X A| -^^^ s(|T| x A) 




where, if {t,p,q) G T„ x A" x A"" then XT{\t,p,q\) = \t,p\. 

On the other hand, given Z G A°A°(A°S'et), under the notations of definition 

12.5. lUl we must check the commutativity in HoTop of the diagram 



sDi,2A°A°|Z| - 

A'AO A°|Z| 



|A°|Di,2^| 



sA°sA°A°|Z| ^^sA°|A°A°|Z|| ^^sAlDss^l 



|A°|D2.3^| 



|DDi 

Id 

iDDo 



By the commutativity of the square 



SA°|D2,3^ 



|A°|D2,3^| 



sA°T? 



sA°|A°A°|Z| 



|A°|A°A°|Z| 



we can just see the commutativity of 

^A°|Di,22| 



sDi2A°A°|Z| 



Ma°a°|z 



sA°sA°A°|Z| 



TosA°r 



A°|Di,2^| 



|A°|A°A°|Z| 



|A°r,|o,, 



|DDi,2Z| 

Id 

|DD2,3Z| 
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One can see this commutativity in HoTop dividing it into two squares through 
the map |A°?7| : |A°|Di_2^|| — ' |A°|A°A°|Z|||, and it follows from the defini- 
tions that these two squares commute in Top. □ 
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Chapter 6 



Examples of Cosimplicial 
Descent Categories 

6.1 Cochain complexes 

If A is an additive category, the category Ch*A of cochain complexes can be 
identified with {CK{A°)Y. 

Assume moreover that A has numerable products, that is, given a family 
{Ak}kei of objects of A, then Ylkez^k exists in A. 

In this case A° is an additive category with numerable products, so Ch^{A°) is 

a simplicial descent category with respect to the homotopy equivalences. 

We can argue analogously if A is abelian with respect to the quasi-isomorphisms. 

Again, we can drop the condition of existence of numerable products in the 
case of uniformly bounded-bellow cochain complexes. 

Next we introduce the dual constructions to those given in 15.1.81 
Definition 6.1.1. 

Simple functor: The simple functor s : ACh*{A) — > Ch*{A) is defined as 
the composition 

ACh*{A) Ch*Ch*{A) Ch*{A) 

where K{{X,d\s^}) = {X,^{-iyd'}. 

More concretely, let X = {X",d^, s^} be a cosimplicial cochain complex. 
Each X"- is an object of Ch*{A), that will be written as {X"-'P, d^"}p(zi. 

Then X induces the double cochain complex (16. ip . with vertical boundary 
map d^" : X"'^ — > X"'^"'"^ and horizontal boundary map d : X"'^ — > X^'^^'P, 
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n + l 



d^ 



n+l 



(6.1) 



Hence, the image of X under the simple functor is the cochain complex sX 
given by 

p+n=q p+n=q p+n=q+l 

Transformation A: If A e Ch*{A), s{A x A) is in degree n the product 
nfc<n^'^' ^^^^ ^ ^^^^ inclusion Xa : A ^ s{A x A) is a morphism 
of cochain complexes. 

Transformation If Z e AACh*{A), Hz ■ sA°s(Z) sD{Z) is in degree n 

i+j+q=n p+q=n 

where, given p, q with p + q — n, {fJ^zY''^ is 

j) 

If p is a fixed integer, note that the sum ^^_^_j^p Z{d^ ■ ■ ■ d^, d^d^'^ ■ ■ ■ d^~^^) is 
finite since the indexes i, j in Z^'^'"^ are positive (because Z e AACh*{A)). 

Thus, the next proposition follows directly from the definition of cosimplicial 
descent category. 

Proposition 6.1.2. Under the above notations, if A is an additive category 
with numerable products, then {Ch*A, s, fi, A) is a cosimplicial descent category 
with respect to the homotopy equivalences. 
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If moreover A is abelian then {Ch*A,s,n,X) is a cosimplicial descent cate- 
gory, where E is the class of quasi-isomorphisms. 
In both descent structures A is quasi-invertible and fi is associative. 

This time we will give the specific consequences of the previous proposition, 
because while the cone in Ch*A is widely known, does not occur the same to 
its dual construction, the path object. 

Proposition 6.1.3. Given morphisms A B <^ C of cochain complexes, the 
path object associated with f and g is a cochain complex path{f , g) , functorial 
in the pair {f,g), which satisfies the following properties 

1) there exists maps in Ch*A, functorial in {f,g) 

jA : path{f, g) A jb : path{f, g) ^ B 

such that jA is a quasi-isomorphism {resp. homotopy equivalence) if and only 
if g is so. Similarly, jc is a quasi-isomorphism {resp. homotopy equivalence) if 
and only if f is so. 

2) If f = g = Id A, there exists a homotopy equivalence P : A path{A) in 
Ch*A such that the composition of P with the projections ja-, j' a • pO'th{A) A 
given in 1) is equal to the identity. 

3) The following square commutes up to homotopy equivalence 

B A 

C path{f, g) . 

Remark 6.1.4. When C = 0, Path{f, 0) is (up to homotopy equivalence) the 

cochain complex c(/)[— 1], where c(/) is the classical cone of /. 

The proof is just the dual of the one where we checked the commutativity of 

diagram (15.41] in proposition 15.1.91 up to homotopy, and can be found in jH] 

2.2.11. 

Then, under the classical approach of the homotopy theory of Ch*A, f gives 
rise to the distinguished canonical triangle 

A^B^ cif) ^ A[l] 



and, under our settings, the morphism ja '■ Path{f, 0) —>■ A corresponds to the 
projection c(/)[— 1] ^^-^^ A. Therefore the induced triangulated structure on 
HoCh*A coincides with the usual one. 
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Lemma 6.1.5. Given two morphisms A ^ B ^ C in Ch*{A), there ex- 
ists a natural homotopy equivalence between path{f, g) and the cochain complex 
pathr{f,g) given by 



pathrif, gT = © © ; 



( dA \ 

/ -ds g 




In addition, the morphisms ja and jc correspond to the respective projections 
A" © B^-^ © ^ A" and A" © 5"-^ © ^ C". 

Idea of the proof. By definition path{f, g) = s{Path{f x A,gx A)). The cosim- 
plicial object Path{f x A, g x A) is the image under the total functor (dual 
of definition 11.3.61) of T, consisting of the biaugmented bisimplicial cochain 
complex 



A 



A 



A 



B 



B 



B 



C 



B 



B 




B 



B 




B ^ B 



C 



B 



B 




B 



C 



c 



where all maps without label are identities. Then, it follows from the def- 
initions that K{Tot{T)) coincides with TotoK{T). Therefore path{f,g) = 
Tot{Tot{K(T))) is the total cochain complex associated with the following 
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triple complex 



A 



B 



B 



Id 



B 



B 



Id 



Id 



Id 



Id 



Id 



A 



B 



B 



Id 



B 



B 



A 



B 



B 



Id 



B 



B 



C 



C 



Id 



c 



c 



which is homotopic by columns to 



A ^ B B B B 



that is homotopic by rows to 




(6.2) 



Therefore, the projection of path{f, g) onto the total complex of fl6.2p is a 
homotopy equivalence. But this total complex coincides with pathr{f, g), so ja 
and jc correspond to the projections of pathr{f, g) onto A and C, respectively. 

□ 
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Proof o/ l6.1.3[ The statement follows from proposition 13 . 2 . 21 Let us see 3). By 
loc. cit. there exists H : path{f,g) —>■ path{B) such that j'b°H = /oj^ and 
j'b°H = QoJb, where j'^ifs '■ pcith^A) A are the canonical projections. 
Then, it suffices to see that j'^ and j'^ are homotopic morphisms of Ch*A, or 
equivalently, that the projections P,Q : pathr{IdB, Mb) B are homotopic. 
To this end, consider the homotopy H : pathr^Ids, Ids)"' — ^ 5"^^ defined as 
the projection onto the second summand -B" © i?"^^ © B"^ B"^^^. □ 

Remark 6.1.6. Similarly to the chain complexes case, in the abelian we can 

consider as well the normalized version of the simple functor, s^v- 

The functor path obtained using the normalized simple functor is equal to pathr. 

It also holds the dual of propositions 15.2.51 and corollary 15.2.71 

Proposition 6.1.7. Let A be an additive category [resp. abelian). Then the 
category Ch'^A of uniformly bounded-bellow cochain complexes, together with 
the homotopy equivalences [resp. the quasi-isomorphisms) as equivalences and 
the data \, fi given in 16.1.11 is an additive cosimplicial descent category. In 
addition, A is quasi-invertible and /i is associative. 

We obtain in this way the usual "cosuspended" (or left triangulated) cate- 
gory structure on HoCh'^A. 

Corollary 6.1.8. Let Ch^A be the category of bounded-bellow cochain com- 
plexes. Then the localized category HoCh^A ofCh^A with respect to the quasi- 
isomorphisms {resp. homotopy equivalences) is a triangulated category. 

6.2 Commutative differential graded algebras 

The Thom- Whitney functor and its properties were developed in [Nj. This sim- 
ple functor gives rise to a cosimplicial descent category structure on the category 
of commutative differential graded algebras over a field of characteristic 0. 

Definition 6.2.1. 

Let CdgSL{k) be the category of commutative differential graded algebras (or 
cdg algebras) over a field k of characteristic 0. 

The product of two cdg algebras A and B has as underlying cochain complex 
the product (i.e. the direct sum) of those underlying complexes of A and B. 

Definition 6.2.2 (Descent structure on Cdga(A;)). 

Simple functor: The Thom-Whitney simple functor s^w '■ ACdga(A;) 
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Cdga(A;), introduced in [N], is defined as follows. 

Firstly, let L e A°Cdga(fc) |BGj be the simplicial object of Cdga(A;) such that 

^ _ A(Xo, ■ ■ .,Xn,dXo, . . .,dXn) 

where A„ = A(xo, . . . , Xn, dxo, . . . , dxn) is the free cdg algebra in which Xk has 
degree and dx^ has degree 1, < k < n. The boundary map is the unique 
derivation in A„ such that d{xk) = dxk, d{dxk) = 0. 

The face maps di : L^+i — > L„ and the degeneracy maps Sj : L„ L„+i are 

{Xk, k <i { Xk, k < J 

0, k = i and Sj(xfc) = < Xk + Xk+i, k = j . 
Xk-i, k> i ( Xk+i, k> j 

Given A G ACdga(A;), denote by : A° x Ag ^ Cdga(/c) the bifunctor 
obtained from L ® A : A° x A ^ Cdga(A;) by forgetting the degeneracy maps. 
Then the Thom- Whitney simple is the final 

Stw{A) = / TA{n,n). 

J n 

Equivalences: The class E consists of the quasi-isomorphisms, that is to say, 
those morphisms of cdg algebras which induce isomorphism in cohomology. 

Transformation A: If A G Cdga(A;), the morphisms A ^ A® L„; a ^ a®l 
define the morphism \{A) : A s^w 

{A X A). 

Transformation jj,: If Z E AACdga(A;), jj,Tw{Z) ■ stw^°^twZ stw^Z = 
Z^'^ (g) Lp is given by the morphisms 

where vr is the iterated projection and Tp : Lp ® Lp ^ Lp is the structural 
morphisms of the cdg algebra Lp, that are morphisms of cdg algebras since Lp 
is commutative. 

Proposition 6.2.3. The category Cdga.{k) together with the quasi-isomorphisms 
and the Thom- Whitney simple is a cosimplicial descent category. In addition, 
the forgetful functor U : Cdga(A;) —>■ Ch*k is a functor of cosimplicial descent 
categories. 

We will use the following notations in the proof of the previous proposition. 

(6.2.4) Let k[p\ be the cochain complex that is equal to in all degrees except 
p, and {k[p\Y = k. As in ^ (2.2), we denote by J^p : Lp k[p] the map 
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of cochain complexes which in degree p is the "integral over the simplex A^" , 



Proof. Let Ch*k be the category of cochain complexes of /c- vector spaces. Let 
us check that the forgetful functor U : Cdga(A;) Ch*k satisfies the dual 
proposition to l2.5.8l where Ch*k is considered with the usual descent structure 
given in definition I6.1.1[ 

The axiom (FD1)° hold, and it is straightforward to check that A and ^ are 
compatible natural transformations. 

Let us see (FD2)°. Denote by Stw '■ ^Ch*k — > Ch*k the functor defined as the 
final of U(L) ® A : A° x Ag Ch*k. Then we have the commutative diagram 

ACdga(A;) ^ ACh*k 



Stw 



Stw 



Cdga(A;) Ch*k. 

By ([N], 2.15), there exists a natural transformation / : Stw ~^ s : ^Ch*k 
Ch*k such that I{A) is a homotopy equivalence for each A G Ch*k. Set 6 = 
/AU : Vstw sAU : ACdga(/i;) Ch*k. More concretely, given A e 
ACdga(A;), the morphism Qa '■ Ustvk(^) sAU(y4) in degree n is the map 
{stw{A))^ (sAU(A))"' = Y[p+q=n^^''^ whose projection onto the component 
j\p,q ig given by the composition 

{sTw{A)r= / (A" ® L J" ^ (A^' ® Lp)- AP'\ 

J m 

where vr denotes the projection and j^p is the morphism introduced in I6.2.4[ 
The compatibility between A : /(icdga(fc) ^tw{.— x A) and A' : Idch*k 
s(— X A) means the commutativity up to quasi-isomorphism of the diagram 

\J{stw{A X A)) . ""^^^^^^ U(A). 

GMxA) 

/^A'(U(X)) 

s(U(A) X A) 
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that in degree n becomes 



S^y^iA X A) 



A„{A) 




IfaeA", A„(A)(a) = {(l„®a,0,...)U>oesV(AxA)c J] 11^™®^' 



where G is the unit of L^. Therefore 



e„(Ax A)(A„(A)(a)) = (( / l)a,0, 

'AO 



(a,0, 



k+l=n m 



It remains to see that fiTW '■ ^tw^^tw s^vyD, /i' : s As — > sD and 9 
are compatible. To see this, it is enough to prove the commutativity up to 
homotopy of the diagram 



(6.3) 



0r 



s(As AAU(A)) 



sD(AAU(A)), 



where 6 is the composition 



\J Stw ^Stw{A) 







Asj,^{A) 



s(AUstvk^) 



s(AeA) 



s(AsAAU(A)) . 



Using the homotopy inverse of G given in [N], one can obtain a homotopy 
inverse of 6, that will be referred to as E. Then, it holds that 6DA°U(/iTVK)°-^ 
coincides with /i' up to homotopy equivalence. 

Indeed, (16.31) is homotopy equivalent to the image under the total complex of 
a square of double cochain complexes of fc-vector spaces of the form 

Us5.V(^)^^^Us-^(DA) 



s**l]{A) ^""'^ ^ irDU(A). 



190 



where he-z is the Alexander- Whitney map (see IA.1.31) . By the Eilenberg- 
Zilber-Cartier theorem lA.l.ll it is enough to check that the above square com- 
mutes in degree 0, but this is a straightforward calculation, totally similar to 

m, (3.4). □ 



6.2.1 Comments on the non-commutative case 

Consider now a commutative (associative and unitary) ring R, and let Dga be 
the category of differential graded i?-algebras (not necessarily commutative). 
Denote by Ch*R the category of cochain complexes of i?-modules. 
In this case, as we will explain later, the simple functor in Ch*R (defini- 
tion 16.1.11) induces in a natural way the so called Alexander- Whitney simple 
Saw ■■ ADga-^Dga [N]. 

Then, a natural question is if this Alexander- Whitney simple provides a descent 
structure on Dga, together with the quasi-isomorphisms. The answer is that 
all axioms of cosimplicial descent category are satisfied by this simple, except 
the factorization one. 

The reason is that the transformation /i of the cosimplicial descent structure 
on Ch*R does not induce a natural transformation in Dga, because it is not 
compatible with the multiplicative structures involved. 

Hence, the descent structure on Ch*R doest not induce a descent structure 
on Dga. We will give in this subsection an explicit counterexample of this 
fact. That is, we will exhibit a bicosimplicial graded algebra Z such that the 
morphism of cochain complexes '■ sAsZ sD does not preserve the multi- 
plicative structure, so it is not a morphism of the category Dga. 

(6.2.5) By definition 16X11 the simple functor s : ACh*R Ch*R is the 
composition of functors K and Tot. Since both functors are monoidal with 
respect to the tensorial product of -R-modules, so is s. Hence, given cosimplicial 
cochain complexes X and Y, we have the Kiinneth morphism 

k:sX^sY — >s{X ^ Y) 



that is obtained from the Alexander- Whitney map (see IA.1.3P as follows. In 
degree n. 



• ( n ® n ^''*) ^ Yi Y 

p+q=n i+j=p s+t=q l+m=n 



l\m 
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where, as usual, X'^ G Ch*R is denoted by {X'^'^j^ez for any d > 0. Then k"' 
is determined by the morphisms 

J2 k""'^ ■■ n ^''^ ® n — ' ® ^')'" ' 

i+j=P s+t=q 

If u,v > with « + = /c"'^ is given by the composition 

lli+j=pX''^ ® Ils+t=q ^''^ X"'P-" (g) ±1^ j^«+^,p-« (g, yM+«,g-i, 

where eachp denotes the corresponding projection, whereas A — W = {—l)'^'^X{dP ■ ■ ■ 
(i") ® ■ ■ ■d^~^^). The sign (—1)"'^ appearing in the last equation comes 

from the Kiinneth morphism of the functor Tot. 

Definition 6.2.6 (Alexander- Whitney Simple). [Nj 

Let A G ADga and UA G ACh*R be the cosimplicial cochain complex obtained 
by forgetting the multiplicative structure. 

We have that s(Uy4) is a differential graded algebra through the morphism 
ta '■ s(\JA) (g) s(Uy4) s(Uy4) defined as the composition 

s{VA) ® s(UA) s{VA ® VA) ^ s{A) (6.4) 

where k is the Kiinneth morphism and r" : UA"®!!^" UA" is the structural 
morphism of the differential graded algebra A^. 

The Alexander- Whitney simple ([N], 3.1) is the functor Sj^r : ADga — ^ Dga 
obtained in this way. 

Remark 6.2.7. Consider now B G Dga and Z G AADga. We have the 
following morphisms in Ch*R 

XuB : U5 ^ s{B X A) /iuz : sDUZ ^ sAsUZ . 

It can be checked easily that Aub is compatible with the respective multiplica- 
tive structures of B and s^wiB x A), giving rise to a natural transformation 

Xaw '■ Idnga saw{~ X ^)- 

However, it does not happen the same with ^, as we will see in the following 
counterexample. 

Example 6.2.8. Consider Z as a differential graded algebra concentrated in 
degree and let Z x A G ADga be the associated constant cosimplicial object. 
Denote by i? G ADga the path object associated with Z x A. In other words. 
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B is equal to PathiX ^ZxA^ZxA) (definition I1.5.16I) . and can be 
visualized as 



Z X Z X Z 1 Z X Z X Z X Z 





where (P{a, b) = (a, a, b) and d^{a, b) = (a, b, b), for any integers a and b. 

77-4-2 

Set Z = B X Ae AADga, that is, Z"'™ = 5" = Zx • ■ • xZ. In this case the 
morphism of cochain complexes fiz '■ ^Aw^Z saw^^awZ is not a morphism 
of algebras. 

Indeed, if we consider x = (1,0) G Z^'^'^ C {saw^^awZY and y = (1,2) G 
2-0,0,0 ^ (s^;yAs^vF^)°) it holds that fi{x)-fi{y) ^ fi{x-y), (where each ■ denotes 
the corresponding product in saw^Z and saw^^aw^). 
Let us compute first fi{x) ■ fi{y). 

By definition fsee IHXTl) we have that fi{x) = Z{d^,Id)x = (1,1,0) G C 
{saw'DZY and fx{y) = Z{Id,d^)y = y e Z^'^'° C (saw'DZ^. The product of 
these two elements is, following (16 ■4p . equal to the product in Z of (1, 1, 0) and 
Z{d\ d^)y = (1, 2, 2), so /i(x) ■ /i(y) = (1, 1, 0) ■ (1, 2, 2) = (1, 2, 0) G Z^'i'" C 
{sAw^Zf. 

Secondly, x ■ y is the product in Z of x G and Z(J(i, (i^)y = y E 

that is, x-?/= (1,0) G 

Therefore /i(x ■ y) = Z{d^, Id){l, 0) = (1, 1, 0) G Z^'^'°. 
Consequently fi{x) ■ fi{y) = (1, 2, 0) 7^ (1, 1, 0) = /i(x ■ y). 

Remark 6.2.9. Given Z e AADga, let T be the 4-simplicial object in Dga 
given by T''^''''^ = Z^'^®Z^'K Under the notations of l2.5.l0[ Z®Z = D^'^D^'^T. 
In addition sAsZ ® sAsZ is obtained by applying four times s to T. 
In this way, the Kiinneth morphism k : sAsZ ® sAsZ ^ sAs(Z C?) Z) is just 
an iteration of /x. Analogously, under this point of view, k : sDZ ® sDZ — >■ 
sD(Z (g) Z) is just the image under ^ of D^'^D^'^T. 

The preservation of the multiplicative structure by means the commutativity 
of the diagram 

sAsZ ® sAsZ — ^ sAs(Z ® Z) sAsZ 



sDZ O sDZ ^ sD(Z ® Z) . sDZ 

The right hand side commutes by the naturality of n, but the left hand side 
commutes provided that /i is associative and commutative. This is not the case 
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because the Alexander- Whitney map fails to be commutative, then /i is not a 
morphism of algebras. 

In the commutative case we have used the Thom- Whitney simple. The corre- 
sponding natural transformation fi comes from the product in the cdg algebra 
L, so this time n is actually an associative and commutative natural transfor- 
mation. 

6.3 DG-modules over a DG-category 

In this section we study the category of DG-modules over a fixed DG-category 
[K] as an example of cosimplicial descent category. We begin by recalling the 
definition of DG-category. 

Along this section R will be a fixed commutative ring, and the tensorial 
product (8>R over R will be written as (8>. 

Definition 6.3.1. If ^ is a category and A,B are objects of A, denote by 
A{A, B) the set of morphisms of from Aio B m the category A. 
A DG-category A (or a differential graded category) is a category such that 
given objects A,B oi A then 

A{A,B) = {A{A,BY}r^j^ 

where each A{A^BY is an i?-module. 

Moreover, A{A, B) has a boundary map d : A{A, BY A{A, BY^^ satisfying 
the following properties 

0. the composition of morphisms of ^ is a homogeneous map of degree 

A{A,B)®A{B,C)^A{A,C) 

1. = 0, that is, A{A,B) is a cochain complex of i?-modules. 

2. if / and g are composable morphisms of A and / is homogeneous of 
degree p then 

d{f.g) = {dfY9 + {-lYfo{dg) . 

Example 6.3.2. The DG-category Dif R has as objects the cochain complexes 
of -R-modules. If V and W are such cochain complexes, set Dif -R(V, W) = 
{Bif R{V,WY}pez where 

Dif WY = {f -V morphism of R - modules | f{V'') C WP+''} . 
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Denote hj f = f\v>= : V' ^ W^+K 

The image under the boundary map d : Dii R{V,Wy Dii R{V,Wy^^ of 
/ = {/''Ifcez is 

Remark 6.3.3. Note that a morphism / G Dii R{V,Wy does not commute 
in general with the boundary maps of V and W. Actually, the cochain complex 

>Dii R{V,Wy^ ^ Dif R{V,Wy ^DifR{V,Wy — ^ ■■• 

is such that Kerd} consists of the morphisms of cochain complexes between V 
and W, whereas H'^iDii R{y,W)) consists of the morphisms between them in 
the homotopy category K{R — mod), that is, are equivalence classes of mor- 
phisms of complexes modulo homotopy. 

From now until the end of this section A will denote a fixed DG-category, 
that we will assume to be a small category. 

Definition 6.3.4. The category CA of differential graded modules over A has 
as objects the functors of DG-categories 

M ■.A° ^ Difi? . 

More concretely, given objects A and B of A, M : A{A, B) DiiR{MB, MA) 
is a morphism of cochain complexes (it is i?-lineal, homogeneous of degree 
and commutes with the differentials). 

A morphism of CA between M and is a natural transformation t : M ^ N 
such that for each object A of A, ta '■ MA NA is a morphism of cochain 
complexes. 

The category CA is an additive category. This additive structure is induced in 
a natural way from the additivity of Dif i? and Ch*R. Actually, CA is an exact 
category (cf. [K] 2.2). 

Denote by {Ch*R, rS, rh, rX) the descent structure on the category of cochain 
complexes of i?-modules Ch*R given in section [6?T1 

(6.3.5) Let M = {M", d^,s^ be a cosimplicial object of CA. Then, for each 
n > 0, the functor M" : A° Dif i? is a functor of DG-categories. In partic- 
ular, for a fixed A G CA, M'^A is a cochain complex that will be written as 

{(MM)^rf^"^},ez. 

On the other hand, the face and degeneracy maps of M are natural transfor- 
mations d^ : M" —>■ Af""*"^, : M" — ^ M^~^ satisfying the simplicial identities. 
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and such that their value at each object A of ^ is a morphism of cochain 
complexes 

Therefore, fixed A G it follows that MA = {M"'A, d\, s\} is a cosimplicial 
cochain complex of i?-modules. 

Definition 6.3.6 (Descent structure on CA). 

Simple functor: Given M G AC A, the image under sM : A° Dif i? of an 
object A of ^ is defined as the cochain complex 

{sM)A := rs{MA) which is in degree m{{sM)A)"' = JJ {M^Ay . 

p+q=m 

If / G A{A,BY and > then M"/ G Dif i?(M"5, M"A)^ is the morphism 

M'^f = {M'^f'':{M'^Af (M"A)'=+''}fcez, given by 

(sM)/ = {((sM)/)^},ez where {{sM)ff = J] M^p-^' : {{sM)Bf ^ ((sM)A) 

p+q=k+r 

On the other hand, if r : M — > is a morphism of A°CA then 

{st)a = rs{ta) : isM)A ^ {sN)A . 

Equivalences: The class E of equivalences consists of those morphisms p : 
M —>■ N such that pa '■ MA NA is a quasi-isomorphism in Ch*R for all A 
in A. 

Transformations A and p: Given M G CA and Z G A°A°C^, the trans- 
formations A(M) : M ^ s(M X A) and p{Z) : sA°sZ sDZ are define 
respectively as 

\{M)a = rXma and piZ)A = rPza 
for each object A of A. 

Lemma 6.3.7. If M e AC A, the mapping A {sM)A = rs{MA) defines a 
functor 

s : AC A CA . 

Following the above notations, in addition A : IdcA ~^ s(— x A) and p : sAs — >■ 
sD are in fact natural transformations. 

Proof By f lO^D MA G ACh*R, so rs{MA) G Ch*R and it is and object of 
Dif R. If f : A ^ B is a homogeneous morphism of A of degree r, then each 
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M^-f : M'^B M'^A is an i?-lincal morphism, and homogeneous of degree r. 
Hence, it is clear that (sM)/ : {sAI)B — * {sM)A is a morphism of Dif R. 
Therefore, sM : A° — > Dif i? is a functor, and to see that sM is an object of 
CA it remains to see that 

sM : A{A,B) — > BiiR{{sM)B, {sM)A) 

commutes with the respective boundary maps. 

Given n > 0, it holds that M" : A{A, B) T)\iR{M'^f, M'^A) commutes with 
the boundary maps, that is, if / e A{A, Bf and M"/ = {M"/*^ : M^S*^ ^ 
M^A'^+^lfcez then 

M"(d/) = (i(M"/) = {d^"^oM''f-{-iyM''f+Kd^"^}kez e Dif R{M''B, MM)"+i 
and W{dfY = rf^"^oM"/'= - {-lyM'^f'+Kd'^^^. It follows that 



{{sM){df))'' = YlMP{dfy-'-^ = Yl {d^'^oMpp-'-^-i-iyMpp-'od 

p+q=k+r+l p+q=k+r+l 

On the other hand, (sM)/ = {((sM)/)'=}fcez with ((sM)/)'= = 11^+5=^+. /^-^ 
so 

\p+q=k+r / \s+t=k+r+l ) 

Set = Er=o(-l)'^(MPi?)^ : (MP5)« ^ (MP+i5)^ and denote by 

^{MVB)^ . (^MPBy {MPBy+^ the boundary maps of the double complex that 
is induced by MB, and similarly for MA. Note that since : — > M^"^^ 
is a natural transformation, then M^^^ f^od^f^j^p^^^ = d^^^p^^q+^oM^/'^, and we 
deduce that M^ p-^d^'^"''''^'''' = d^^''" ^^\Mp-^ 

By definition, d^^^^^ : {{sM)Af+'- {{sM)Af+'-+^ and d^^^^^ : {{sM)By 
{{sM)By+^ are 

p+g=fc+r+l s+t=k+l 

Therefore 

p+q=k+r+l 

-{-iy{M^p--^d^^'^)'-'-' + (-l)«-'^Mf/^-^9(^'"'^)''"^)) = 
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p+g=fc+r+l 

Consequently sM is indeed an object of CA. The functoriality of s with respect 
to the morphisms of CA is clear, so s : AC A — > CA is a functor as requested. 
The naturality of A and // is a straightforward computation, left to the reader. 

□ 

Proposition 6.3.8. Under the above notations, {CA,s,E, X, fi) is an addi- 
tive cosimplicial descent category. In addition, the natural transformation fi is 
associative and A is quasi-invertible. 

Proof. We will see that {CA, s, E, A, //) satisfies the axioms of the notion of 

cosimplicial descent category. 

(CDC 1) is clear. Let us check that the class E is saturated. Let A be an object 
of A. By definition of CA, the evaluation on A provides a functor 

evA : CA Ch*R HoCh*R . 

Moreover, if p is an equivalence in CA then evA_{p) = Pa is an isomorphism 
of HoCh*R. Hence, the evaluation functor induces evA '■ HoCA HoCh*R, 
which fits into the commutative diagram of functors 

CA ^ HoCA 



evA 



evA 



Ch*R HoCh*R . 

Therefore, if 7(p) is an isomorphism of HoCA then evAilip)) = i{pa) is an 
isomorphism of HoCh*R for each A G CA. Thus pA is a quasi- isomorphism for 
each A, and this means that p G E. It is also clear that E is closed by products, 
so (CDC 2) holds, as well as (CDC 3). 

Given M e A and Z G A°A°^, the transformations A(M) : s(M x A) ^ M 
and fi{Z) : sA°sZ — > sDZ are equivalences since rXma and RfJ.zA ai'c quasi- 
isomorphisms for each object A of A, because Ch*R is a cosimplicial descent 
category. 

Thus (CDC 4), (CDC 5) hold, and we can argue similarly for (CDC 6). 
Given a morphism p : M ^ N oi ACA, to see (CDC 7) it is enough to note 
that [C{p)]{A) = C{pa) in A°Ch*R. 

Finally, (CDC 8) follows from the equality (sTp)(A)) = ijs(TpA). □ 
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Remark 6.3.9. Given M e CA, we denote by [-1] : CA ^ CA the usual 
shift functor [-1] : Ch*R Ch*R. 

On the other hand, we have the shift functor induced by the descent structure 
on CA, that is SM = sPath{0 ^ M ^ 0). 

IfAeA then {SM)A = iisPath{0 MA ^ 0) and the inclusion {MA)[-1] = 
pathriO MA ^ 0) = RSNPath{0 -> MA ^ 0) into (SM)A is a natural 
homotopy equivalence (see 16.1.51 and 16.1.61) . 

Then the functors S, [—1] : HoCA HoCA are isomorphic, so S : HoCA 
HoCA is an isomorphism of categories. Hence, we obtain from the dual of 
theorem 14. 1 . 171 the (well-known) triangulated structure on HoCA. 

6.4 Filtered cochain complexes 

Given an abelian category A, let CF^^ be the category of filtered positive 
cochain complexes, filtered by a biregular filtration. In this section we will 
endow CF"*"^ with two different descent structures, whose equivalences will be 
the filtered quasi-isomorphisms on one hand, and ii^2-isomorphism on the other 
hand. Both structures will be related through the "decalage" functor of a fil- 
tered complex [Dellj . 

The category of positive cochain complexes will be written as Ch^A, whose 
objects are complexes {X", d} such that X" = if < 0. 

Definition 6.4.1. A (decreasing) filtration F of an object of ^ is a family 

{F''K}kez of subobjects of K such that F'^K C PK if I < k. 

Denote by F^ the additive category whose objects are pairs {K, F) consisting 

of an object K of A together with a filtration F of K, and whose morphisms 

are those morphisms of A compatible with the filtrations. 

A filtration F is said to be finite if there exists integers n,m & Z such that 

F^'K = K and F'^K = 0. 

The full subcategory of F^ whose objects are the complexes filtered by a finite 
filtration will be denoted by FfA. Of course, this is an additive category as 
well. 

Remark 6.4.2. We can consider similarly increasing filtrations instead of 
decreasing ones. If F is a decreasing filtration, the convention FkK = F'^^K 
allows us to reduce our study to the case of decreasing filtrations. 
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Definition 6.4.3. Let CF"*"^ be the additive category of pairs {A, F), where 
yl is a filtered positive cochain complex and F is a biregular decreasing filtration 
of A. In other words, F = {F^A}k^z is such that 

1. F'^A is a subcomplex of AWk and A = UkF'^A. 

2. F'^+^A C F^^A Vfc. 

3. Given q > 0, the filtration {{F''A)'^}k of A'^ is finite. Then, there exists 
integers a and b such that (F"A)« = A'^ and (F^A)'' = 0. 

a morphism / : {A, F) —>■ {B, G) of CF^^ is a morphism f : A ^ B of cochain 
complexes such that /(F^A) C G'^-B, for all k. 

Remark 6.4.4. Equivalently, CF"^^ is the category of positive cochain com- 
plexes of the additive category FfA. 

6.4.1 Filtered quasi-isomorphisms 

Definition 6.4.5. For each k eZ, the graded functor Gr^ : CF+^ Ch^A 
is defined as 

FGvkA= F'^A/Y'^+iA . 

for a filtered cochain complex {A,F). A morphism / of CF"^^ is a filtered 
quasi-isomorphism if Grk{f) is a quasi-isomorphism for all /c G Z. 

Let (Ch'^A)^ be the category of graded cochain complexes, whose objects 
are families indexed over Z of positive cochain complexes. 
The graded functor Gr : CF"*"^ — >• (Ch'^A)^ applied to (A, F) is in degree k 
the complex pGr^A. 

Definition 6.4.6 (Descent structure on CF+^). 

• Let s : ACh^A Ch^A be the simple introduced in 16. II Given {A, F) G 
ACF+^ denote by s(F) the filtration of s{A) defined as (s(F))'=(sA) = 
s{F''A). The simple functor (s, s) : ACF+^ CF+A is given by (s, s){A, F) = 
(s(A),s(F)). 

• The class E consists of the filtered quasi-isomorphisms. 

• The natural transformations A and /i in CF"*"^ are the same as in the 
cochain complex case. 

As well as in the cubical case, |GN] 1.7.5, it holds the following proposition. 
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Proposition 6.4.7. Under the notations introduced m l6.4.6|. (CF+^, (s, s), E, A, /i) 

is an additive cosimplicial descent category. In addition, is associative, and 
A is quasi-invertible. 

Proof. Firstly, note that if Z is the discrete category whose objects are the 
integers and whose morphisms are the identities, then (Ch^A)^ is just the 
category of functors from Z with values in Ch~^A. By 12.1.151 (Ch'^A)'^ is a 
cosimplicial descent category, with the simple functor induced degreewise, and 
with equivalences those morphisms that are degreewise quasi-isomorphisms. 
Let us see that proposition EAHfP holds for Gr : CF+^ ^ [Ch+Af. 

(SDC 1)°P is clear since CF+^ is additive. To see (SDC 3)'°p, we will check 
that for each {A, F) in ACF"*"^, s(F) is biregular. Denote A = where 
n is the cosimplicial degree and m is the degree relative to Ch^A. 
Fixed A; G Z, the complex (s(F))'=(s(A)) is in degree q s{Y^AY = 0,+j=g F^A'^K 
By assumption F is biregular on each A"', so given p > there exists a = 
a{n,p) and b = b{n,p) with F"v4"'P = A'^'P and FM"'P = 0. Let a = a{q) = 
mm{a{i,j) \i+j = q; i, j > 0} and (3 = (3{q) = max{6(i,j) \i+j = q; ij> 
0}. Then s(F"A)« = s{A)'^ and s(F^v4)'? = 0, so s(F) is biregular. 

To see (SDC 4)'°p and (SDC 5)'°^, let us check that the transformations n 
and A of 16.11 are indeed morphism in CF"^^. 

If {A, F) G CF+^, then s{A x A)" = A" © © • ■ ■ © and \{A) : A 
s{A X A) is the inclusion. Therefore 

(A(^))(F'=A") = F'^A" C (s(F))'=(s(A X A)") = F'^A" © F'^A""^ © ■ ■ ■ © F''A^ . 

On the other hand, if (Z, F) G AACF+^, the restriction of fi{Z) : ®i+j+g=nZ''^''^ 

®p+g=nZP'P''' to Z*'-''" is Z{d^ ■■■ ■ ■ ■ where p = i+j. 

Moreover (sAsF)^'(sAsZ)" = ©i+^+,=„F^'Z^'^''? and (sDF)'=(sDZ)" = ©p+g^^F^Zf-f'". 

Thus, fi{Z) is morphism in CF^^ since Z{d^ ■■■ d°,dPdP-^---d^+^) preserves 
the filtration F for each i,j, q. 

Secondly, (FD 1)°p holds because Gr is additive. It remains to see (FD 2)°^. 
We have that the diagram 

ACF+ A^^A{Ch+Af 

(s,s) s 

CF+^ ^{Ch+Af 

commutes up to canonical isomorphism. Indeed, given {A, F) G CF"*"^, A; G Z 
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and n > it holds that 

and the boundary maps coincide. 

If (A,F) G CF^^, we have that Gy{\{A)) corresponds to the inclusion 
FGrfe(A) ^ s((pGrfcA) x A) ~ ,(F)Grfc(s(A x A)). 

Finally, if (Z, F) e AACF+^, it is clear that GYk{n{Z)) corresponds to /x(FGrfcZ) 
through the isomorphisms 

sAs(F)Grfe(sAs(Z)) ~ sAs(FGrfeZ)) and ,D(F)Grfe(sD(Z)) ~ sDi^GvkZ)) . 

□ 

Remark 6.4.8. By simplicity, we have considered the category CF^^ of uni- 
formly bounded-bellow cochain complexes, with uniform bound equal to 0, but 
the arguments remain valid for any fixed value of the bound. So, if A; is a fixed 
integer and CF*^^ is the category of filtered (by a biregular filtration) cochain 
complexes {A, F) such that A^ — {) when n <k, then 

(CFM, (s,s),E,A,/.) 

is an additive cosimplicial descent category, where A is quasi-invertible and 
associative. 

Definition 6.4.9 (Filtered homotopies). 

Since CF"'"^ = C/i+(Fj^), the homotopy theory of CF+^ is just the one 
coming from Ch^F fA. 

Then, a filtered homotopy between the morphisms f,g : (^, F) — > {B,G) in 
CF"*"^ is a homotopy h : — > that preserve the filtrations (that is, 
h(F''{A^^^)) C G^{B'^)) and such that it is a usual homotopy between / and g 
(that is, d^oh + hod^ — f ~ g)- In this case we will say that / is homotopic to 
g in C¥+A. 

Corollary 6.4.10. Given morphisms A B ^ C of filtered cochain com- 
plexes, the path object associated with f and g is a cochain complex path{f , g) , 
functorial in {f,g), which satisfies the following properties 

1 ) there exists functorial maps in CF"*"^ 

J A ■■ path{f, g) A jb : path{f, g) B 
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such that jA {resp. jc) is a filtered quasi-isomorphism if and only if g {resp. 
f) is so. 

2) If f = g = Id A, then there exists a filtered quasi-isomorphism P : A 
path{A) of CF^ A such that the composition of P with the projections JAiJ'a '■ 
path{A) A given in 1) is equal to the identity on A. 

3) The following square commutes up to filtered homotopy equivalence 



9 3A 

C path{f, g) . 

Remark 6.4.11. If C = 0, then Path{f, 0) is (up to natural filtered homotopy 
equivalence) the cochain complex c(/)[— 1], where c(/) denotes the classical 
cone, filtered by the induced filtration by those of A and B. 
Then, following the classical homotopy theory of CF'*'^, / gives rise to the 
distinguished triangle 

A^B^ c{f) ^ A[l\ . 

In our setting the morphism ja '■ Path{f,0) — > A corresponds to c(/)[— 1] 
A. 

On the other hand, the object path{f,g) is homotopic to the complex given in 
16.1.51 filtered by the filtration which is induced in a natural way by those of A, 
B and C. 

The category HoCF^A is a subcategory of the usual filtered derived cate- 
gory associated with A, DFA = CF^[E^^] (where the cochain complexes does 
not need to be bounded). 

It is known that the class of equivalences E has calculus of fractions in KFA, 
and the description of the filtered derived category deduced of this fact is sim- 
ilar to the one given in the following corollary, obtained using our descent 
techniques. 

Corollary 6.4.12. The category IIoCF~^A is additive. A morphism F : 
X Y of HoCF^A can be represented by a zig-zag in the form 

X ^ — T — ^ Y , w is a filtered quasi-isomorphism . 

Another zig-zag X ^ — S — ^ Y represents F if and only if there exists a 
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hammock {commutative in CF^^), relating both zig-zags, in the form 




X -X 



X S Y 
where all maps except f , g and h are filtered quasi-isomorphisms. 

One can proceed similarly as in proposition 15.2.71 to deduce the following 
corollary. 

Corollary 6.4.13. Let CF^^ he the category of (non-uniformly) bounded- 
bellow cochain complexes that are filtered by a biregular filtration. Then the lo- 
calized category DF^A of CF''^ with respect to the filtered quasi-isomorphisms 
is a triangulated category. 

The well-known triangulated structure on DF^A is usually obtained in the 
literature as a consequence of the exact structure on CFA. However, this tri- 
angulated structure can be obtained directly (see [III] p. 271), and this is the 
approach recover here. 



Remark 6.4.14. In the case of unbounded cochain complexes, the simple 
functor of a biregular filtration is not in general a biregular filtration. This is 
why we have reduced ourselves to the uniformly bounded-bellow case. 
However, we can also apply these techniques in the case of not necessarily 
regular filtrations, dropping the boundness condition. The same happens with 
biregular filtrations that are zero outside uniform upper and lower bounds. In 
other words, let CFjA be the category whose objects are cochain complexes 
together with a filtration F such that 

= F*M CF^AC--- CF^A = A 

where M is a fixed integer. In this case, it can be proved similarly that 
{CFfA, (s, s),/i. A) is an additive cosimplicial descent category. 

6.4.2 £'2-isomorphisms 

We recall the definition of the spectral sequence associated with a filtered 
cochain complex. 
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Definition 6.4.15. Let {A,F) e CF+^, and r > p,q e Z. Define Z^, 
and E^, where E^ is called the spectral sequence associated with the 
filtration F, as follows 

d : YPAP+'i ^ , , , \ 

Ap+q ~\ 



ZP'1 


= ker 






= coker 


Br 


Er 


= Im 



pp+l^p+gj 



Br i Br n zr 

The boundary map dr : -E.^'^ ^p+r-,g-»-+i jg induced by the one of A. The 
equality drdr = holds and 

Remark 6.4.16. 

a) For r = 0, it holds that E^ = FGrp{AP+'^) and d = do : E^ E^^^ . 
Then Eq : CF"*"^ — > (C/i^)^, so in E^ we have that q is the degree 
corresponding to ChA and p the one corresponding to Z. 

b) For r = 1, Ef'« = '^'uTTf'^^^^^^^H'fl' . and = : Ef'" ^ Sr^'". 

d(FPy4P+9~l) _^ pp+ly^p+g ' ill 

Therefore Ei : CF^^ (ChA)^, in such a way that in Er, P is the 
degree corresponding to ChA whereas q corresponds to Z. 

c) By (16.51) . a morphism / of CF^^ is a filtered quasi- isomorphism if and 
only if Ei{f) is an isomorphism. 

d) Similarly, Erif) is an isomorphism for all p,q if and only if Ei{f) is a 
quasi-isomorphism in {ChA)^ (that is, it is a quasi-isomorphism in ChA 
degreewise). We will refer to such morphisms as ii^2-isomorphisms. 

Definition 6.4.17 (Second descent structure on CF"*"^). 

• The simple functor (s, 5) : ACF^^ CF"*"^ is defined as follows. If 

(A,F) e CF+^, then (s,5)(A,F) = (s(A),5F), where s{A) is the usual 
simple of cochain complexes. On the other hand, 6F is the diagonal filtra- 



npl 



tiotxj over s{A), given by 



(5F)'=(s(A)") = F'^-M 



i+j=n 



^The filtration SF is the diagonal filtration of sF and of the natural filtration G of sA given by 
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• The class of equivalences E2 consists of the £'2-isomorphisms. 

• The transformations A and fi are the same as in 16.4.61 that is, the same 
as in the cochain complexes case. 

Definition 6.4.18 ("decalage" functor). 

Let Dec : CF^^ CF^^ be the functor that maps the filtered complex [A, F) 
into the filtered complex {A, Dec{F)), where Dec{F) is the "decalage" filtration 
of F ( [Dellj 1.3.3), that is also biregular. This filtration is defined as 

Dec(F)PA" = Z?+"'-P = keT\d: FP+^A'^ ^ — — )■ . 

We recall the following result ( |DeII] 1.3.4). 

Lemma 6.4.19. 

Consider {A, F) e CF+^. 

The sequence of inclusions C Fp+"+iA" C 5^+"'-^ C 

induces a natural morphism 

yp+n,—p yp+n,-p 

a) Given p, the morphisms u*'^ gives rise to a morphism of ChA, natural in 
(AF) 

u{A,F) : EP'*-P{Dec{F)) Ef+*'-^ . 

Hi) The morphism u{A,F) is a quasi-isomorphism, that it, it induces isomor- 
phism in cohomology. 

iv) Using the equation ( \6.5\\ in definition \6A.15[ we have for all r > 1 that u 
induces an isomorphism of graded complexes 

Er{Dec{Y)) ^ Er+i{Y) . 

By 16.4.191 iv) for r = 1 and 16.4. 161 c) we deduce the following corollary. 

Corollary 6.4.20. A morphism f of CF^^ is an E2-isomorphism if and 
only if Dec{f) is a filtered quasi-isomorphism. In other words 

E2 = {/ G CF+^ I Dec{f) G E} . 
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Proposition 6.4.21. Under the notations given m l6.4.17l (CF+^, (s, 5), E2, A, /i) 

is an additive cosimplicial descent category. In addition, is associative and A 
is quasi-invertible. 

Proof. Having into account [6.4.201 it suffices to prove the transfer lemma [2.5.8P P 
for the functor Dec : CF+^ ^ CF+^. 

Again CF+^ is additive, so (SDC 1)°p holds. Let us see (SDC 3)'°p, or equiv- 
alently, that given {A, F) G CF^^, the filtration 6F of s{A) is biregular. 
By assumption F is a biregular of A*'* for all i > 0. So fixed j > 0, there 
exists a(i, j), b{ij) G Z such that F'^A^'^ = A''^ Vfc < a{i,j) and F'^A''^ = 
\/k > b{i,j). Then setting a = mm{a{i,j) + i\ i+ j = q] i,j > 0} and 
P = max{6(z, j) + i\ i+ j = q; i, j > 0} we have that 



((5F)"(s(A)") = F"-'A''^ = s(yl)'^ and ((5F)^(s(A)") = F^-M^-^' = . 



Let us prove (SDC 4)'°p. If {Z, F) G AACF+^, in degree n fi{Z) : sAs(Z) ^ 

i) 

sDZ is the sum of the morphisms = Z{d° ■ ■ ■ d°,dPdP-^ ■ ■ ■ d^+^) : 

^1,3,1 __). 2P,p,q^ where p = i + j and p + q = n. 

The filtration 6A6F of sAs(Z) if ((5A(5F)*^(sAs(Z))" = Z^'^^'> , 

whereas ((5DF)^(sD(Z))" = 0p+g=„ F'^-^-'^-pZ^'P'". 

Since F is a decreasing ffitration, /^(Z)^^- q(F'=-^''=-JZ^'-''9) C F^-^-^-^ZP'P'" C 
Yk-p,k-p^p,p,g^ gQ ^(^2') preserves the filtrations. 

Let us see now (SDC 5)'°p. If (A, F) G CF+^, then A(v4)" : A" ^ s{A x 
A)" = A" © A'^-i © ■ ■ ■ A° is the inclusion, and {6{F x A))'=(s(A x A))*^ = 
pfc^n © F^"M"'^ © • ■ ■ © F°y4°, then A(A) preserves the filtrations as well. 

It is clear that Dec is an additive functor, so (FD 1)°p holds. To finish 
the proof it remains to see (FD 2)°p. Let us check the commutativity of the 
following diagram (see [Delllj 8.1.16) 




(s,5) (s,s) 



CF+^ ^ CF+^ 

Let {A, F) G CF+^. By definition 

Dec((5F)P(s(A))" = ^fZ^"'"^ = ker Id: ((5F)p+"s(A) 



((5F)P+"+is(A)"+i 



s{A) 



ker < d : 
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The restriction of the boundary map d to A''^ is d^i + ^ki^^)^^'' ^ where 
d^i '■ —>■ A^'^'^^ is the boundary map of the complex A^, and : A^'^ — *■ 
ig f^i^Q f^_i]^ fa^Qg map of A. 

Since d''{FP~^"'~^A^'^) C F^"'"'^~*74*+-'-'-' = FP+"~(*+-^)+-'-y4*+-^'-' C (5F)P+"+-'-s(yl)'^"'"-^, 
then the restriction of d to FP+"~*y4*'-' and modulo (5F)^+"+^s(y4)"+^ coincides 
with 0^ dAi ■ Thus 



Dec(5F)^(s(A))" = ker jrf^. : F^+^A^'^ ^ ppSiAW ] = ® Dec{FnA^'^^ 

i+j=n ^ ^ i+j=ri 



Therefore Dec{SF)P{s{A))'' = s(L)ec(F))Ps(A)" and (s,s)ADec = ^60(8, 5). 

Finally, since the image under Dec of a morphism of CF"''^ is the same mor- 
phism between the underlying cochain complexes, it is clear that Dec{X{A, F)) = 
X{A,Dec{F)) if (A,F) G CF+^, and Dec(/i(Z, F)) = ^(Z,Dec(F)) if (Z, F) e 
AACF+A □ 

Corollary 6.4.22. // we denote by iCF+^ the category CF+^ with the 
descent structure given m 16.4.61 and by 2CF'^A the category CF^^ with the one 
given in I6.4.17T then Dec : 2CF^^ iCF^^ is a functor of additive descent 
categories. 

Corollary 6.4.23. Given morphisms A ^ B ^ C of filtered cochain com- 
plexes, the path object associated with f and g is a filtered cochain complex 
path{f,g), which is functorial in {f,g) and such that satisfies the following 
properties 

1 ) there exists functorial maps in CF^^ 

]A : path{f, g) A jb : path{f, g) ^ B 

such that ] A {resp. jc) is an E2-isomorphism if and only if g {resp. f) is so. 

2) U f = 9 = IdA, there exists an E2-isomorphism P : A ^ path{A) of CF^ A 
such that the composition of P with the projections Ja,j'a '■ path^A) — > A given 
in 1) is equal to the identity on A. 

3) The following square commutes up to E2-isomorphism 

B A 

9 JA 

C path{f, g) . 
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Remark 6.4.24. The underlying cochain complex of path{f, g) coincides with 
one of the path object given in proposition 16.4.23^ but they are not the same 
object of CF'^^, since now the filtration of s{Path{f x A, gx A)) is the diagonal 
filtration. 

Corollary 6.4.25. The category Ho2CF^A = CF+^[E2"^] zs additive. A 
morphism F : X ^ Y of HoCF^A is represented by a zig-zag in the form 



X^T 



Another zig-zag X ^ — 5* 



Y , w is an E2-isomorphism . 
Y represents F if and only if there exists a 



hammock {commuting in CF^^) relating both zig-zags, in the form 

Id ^ ^ ' 



Y 




X 




X 



X 



u 



s 



Y 



Y 



Y 




where all maps except f , g and h are E2-isomorphisms. 

Again, one can proceed as in proposition 15.2.71 to deduce the following 

Corollary 6.4.26. Let CF*^ be the category of bounded-bellow cochain com- 
plexes, filtered by a biregular filtration. Then the category localized category 
CF''^[E2^] of CF'' a with respect to the E2-isomorphisms is a triangulated cat- 
egory. 

In addition, the "decalage" functor induces a functor of triangulated categories 

Dec ■ D^FA CF^A[F^^] . 

All the results given in this section are satisfied in the case of decreasing 
filtrations instead of decreasing ones. In particular the following proposition 
holds. 

Proposition 6.4.27. If CF^ A denotes the category of cochain complexes fil- 
tered by a biregular increasing filtration, then 2CF"^^ = (CF^^, (s, 5), E2, /i, A) 
is an additive cosimplicial descent category. The diagonal filtration 5 of the 
simple of a cosimplicial filtered cochain complex (A, W) is defined this time as 



(sv,'),(s(Ay 



0w 

i+j=n 



k+i 
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In addition, the functor Dec : 2CF^^ —* iCF^^ is a functor of additive cosim- 
plicial descent categories. 

6.5 Mixed Hodge Complexes 

In |DeIIIj it is introduced the notion of mixed Hodge complex. The morphisms 
between such complexes are not given explicitly, but it can be understood that 
they are those morphisms living in the respective (bi)filtered derived categories 
that are compatible with the structural morphisms of the mixed Hodge com- 
plexes involved. 

We will define in this section a category of mixed Hodge complexes, and we 
will endow it with a structure of cosimplicial descent category using the sim- 
ple functor developed in [Delllj . The homotopy category associated with this 
cosimplicial descent category is mapped into the "category" appearing in loc. 
cit.. 

From now on A will denote an abelian category. Before giving the notion 
of mixed Hodge complex, we need to introduce the following preliminaries. 

Definition 6.5.1. Given a filtered complex (A, W) of CF+^, the boundary 
map d : A' ^ A*^^ is just a morphism of ^ fA (see 16.4.1]) . Then, d is said to be 
strictly compatible with the filtration W if the morphism 

/lVker(c/) — > Im(rf) 

induced by d is an isomorphism in 'P fA, where / ker((i) and \m.{d) are endowed 
with the filtrations induced by W (cf. |DeIIj [I.I]). 

Remark 6.5.2. The boundary map of a filtered complex (y4,W) is compat- 
ible with the filtration if and only if the spectral sequence associated with W 
degenerates at Ei [Dell] [1.3.2]. 

Definition 6.5.3 (bifiltered complexes). 

Denote by CF^^ the category whose objects are triples {K, W, F), where 

1. - is a positive cochain complex. 

2. - W is an increasing biregular filtration of K (see I6.4.5|l . 

3. - F is a decreasing biregular filtration. 

A morphism / : (i^, W, F) {K', W, F') of CF2A is a morphism of cochain 
complexes f : K ^ K' such that / : {K, W) ^ {K' , W) and / : {K, F) ^ 
[K, F') are morphisms of filtered complexes. 
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(6.5.4) Let k he a field and A be the category of fc-vector spaces. 

In order to relax the notations, we will write Ch^k instead of Ch^A, CF^k 

instead of CF+^ and CF^A; instead of CF^^. 

Definition 6.5.5 (Hodge complex of weight n). 

A Hodge complex of weight n is the data {Kq, {Kq, F), a), consisting of 

a) A complex Kq of Ch'^Q such that its cohomology H'^Kq has finite dimen- 
sion over Q, for all k. 

b) A fihered complex {Kc, F) in CF+C. 

c) a is (ao, ai, K), where K is in C/i+C and a^, i = 0,1, are quasi-isomorphisms 

In addition, the following properties must be satisfied 

(HCI) The boundary map of Kq is strictly compatible with F. 

(HCII) For any k, the filtration over H^{Kc) = H'^{Kq)®C induced by F defines 
a Hodge structure on H^{Kq) of weight n + k. 

Remark 6.5.6. (HCII) means that the filtration F of H'^(i^'c) is n + fc-opposite 
to its conjugate F, that is, H.'^Kc admits the following decomposition into a 
direct sum 

R''Kc= HP'" where F'"(H'=i^c) =0^^^'^ and F™(H'=i^c) =0^^'^ 

p+q=n+k p>m q>rn 

or equivalently, jPellj [1.2.5] 

pGrp {^Gv.iB^Kc)) = ii p + q ^ n + k . 

In the previous definition the zig-zag a is in the form ■ <— ■ — j> ■, but we can 
consider as well any other kind of zig-zag relating and Kq ® C. 

Definition 6.5.7. Let ^ be a category endowed with a class of morphisms 
W. A W-zig-zag of A (or just zig-zag, if W is understood) is a pair {A,w) con- 
sisting of a family A = {Aq, . . . , A^} of objects of A together with morphisms 
w = {wq, . . . ,Wr-i} of W, such that each Wi is a morphism between A^ and 
Ai^i (that is, either Wi : Ai ^ Aj+i or Wi : Aj+i — > Ai). 

In addition, we will assume that two consecutive arrows have opposite senses, 
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that is, either Ai ^ Aj+i or Ai ^ Aj+i. 

Two W-zig-zags {A,w), {B_,v) are said to be of the same kind if their re- 
spective famihes of objects have the same cardinahty r and if each Wi has the 
same sense as f j, for i = 0, . . . , r — 1. 

A morphism between two W-zig-zags {A,w), {B_,v) of the same kind is a 
family of morphisms f = {fi : Ai ^ Bi}i such that each diagram involving the 
maps /., w. and v. is commutative. 

A W-zig-zag between A and B is just a W-zig-zag {A, w) such that Aq = A 
and Ar = B. 

Given objects A and B of A, the W-zig-zags between A and B are the 
objects of a category, that will be denoted by 7list^{A,B). The W-zig-zags 
between A and B of the same kind as ■ gives rise to the full subcategory 

of nist^{A, B), that will be denoted by TZist'^^aiA B). 

In addition, if we invert the morphisms of W in A, then each W-zig-zag becomes 
a morphism, so we have the functors 

TZistrediA, B) Hom^[w-i](A, B) nist^{A, B) Hom^[w-i](A, B) 
nistred Fl{A[W-']) Uist^ Fl{A[W-^]) . 

(6.5.8) Let Quis be the class of quasi- isomorphisms of Ch'^k, and QuisF be 
the class of filtered quasi-isomorphisms of CF^k, where = Q, C. 
Then, the data a of a Hodge complex of weight n is just an object of the 
category TZist^^'^iKc, Kq^C). 

Definition 6.5.9. A generalized Hodge complex of weight n consists of (-R'q, (-ft'c? F); 
where Kq and (-ft'c, F) satisfies conditions a), b) (HCI) and (HCII) in definition 
16.5.51 whereas a is a Quis-zig-zag between Kc and Kq ® C of Ch'^C 

Due to properties 1) and 3) in proposition 16.1.31 we can associate a Hodge 
complex of weight n to a generalized Hodge complex of weight n in a functorial 
way. 

Lemma 6.5.10. If A is an abelian category, there exists a functor 

red : 7^^s^Q"^" — > ^^^t^J" 

7'Gd i~\ • '"Y 

such that the composition T^ist^"'^ > TZist^^'^ ^ Fl{HoCh'^A) is 

just 7 : TZist^'''^ — > Fl{HoCh+A). 
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In addition, if A, B are objects ofCh^A, the functor red restrict to 

red : Kist^'^'^A, B) — > Kist^^^^A, B) 
We will say that red{A, w) is the reduced zig-zag associated with {A, w) . 
Proof. Given a Quis-zig-zag R = {A, w) between A and B in the form 

A = Aq — — Ai — A'-l Ar 

its associated reduced zig-zag is obtained through the following procedure. 
We take the first pair of consecutive arrows in R of the form Ai ^ 

Ai_^i. If there is no such pair of consecutive arrows in R, then this zig-zag is 
already a zig-zag in 7list^^^^{A, B), and we define red (R) = R. 
If there exists such Wi,Wi-i, properties 1) and 2) of proposition 16.1.31 provide 
the following square, commutative up to homotopy, 



A^ 



Ai+1 



Ai^i ^^-^ path{wi,Wi_i) , 

where Ja^+i and are quasi-isomorphisms, that is, morphisms of Quis. 

Hence, replacing in R the maps Ai_i ^-^^ Ai ^ Aj+i with Ai_i path{wi, Wj-i) — 
Ai^i and composing maps we obtain a new Quis-zig-zag R between A and B 
of length strictly smaller than the length of R. 

Since Wioj^i+i is homotopic to Wi-iojA^_i, then 7(-R) and 7(-R) coincides in 
HoCh+A. 

Moreover, the mapping R ^ R defines a functor TZist^^^^{A, B) lZist^^^^{A, B). 
Indeed, if we have a commutative diagram in Ch^A 

^i-l ^ Ai ^ 



fi+1 



Bi-1 ^ Bi < fij+i 



then from the functoriality of path it follows the existence of a morphism / that 
fits into the commutative diagram 



Ai_i < path{wi,Wi^i) 



^A 



fi- 



Bi-1 



3b. 



path{vi,Vi_i) 



3b. 



i + l 



B. 
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Therefore, it suffices to iterate this procedure until we get the desired zig-zag 
red{A, w) . □ 

Remark 6.5.11. Note that the reduced zig-zag associated with {A,w) not 
only preserves the morphism in HoCh^:{A) represented by this zig-zag. In 
addition, the original and reduced zig-zags are in some sense "homotopic" . 

Corollary 6.5.12. Each generalized Hodge complex of weight n gives rise 
to a Hodge complex of weight n, just by replacing a with red (a). 

Next we recall the notion of mixed Hodge complex, and introduce a category 
consisting of these complexes. 

(6.5.13) The tensor product over C, — (8) C : Q-vector spaces — > C-vector 
spaces, is an exact functor. Thus it induces 

- O C : CF+Q ^ CF+C 

in such a way that the functor Gr„ commutes with — ® C. 

Definition 6.5.14 (Mixed Hodge Complex). 

A mixed Hodge complex consists of the data {{Kq,W), {K£,W,F),a), where 

a) {Kq, W) is a cochain complex of Q-vector spaces, filtered by the increasing 
filtration W. In other words, {Kq,W) is an object of CF~*"Q. In addition, 
H'^Kq has finite dimension over Q for all k. 

b) {Kc, W, F) is an object of CF+C. 

c) a is the data (ao,^!, {K,W)), where {K,W) is an object of CF+C and 
ai, i = 0, 1, is a filtered quasi-isomorphism (see I6.4.5"|) 

The following axiom must be satisfied 

(MHC) For each n, (wGr„i^Q, (wGr^i^c, F), Gr„(a;)) is a Hodge complex of 
weight n, where Gr„(a;) denotes the zig-zag 

Gr„ao ~ Gr„ai | |6.5.13l l , 

wGvnKc wGrni^ w^cGr„ {Kq ® C) ^^"^ (wGr^ir^) ® C • 

Remark 6.5.15. Again, the data a of a mixed Hodge complex is just an 
object of the category 7^^st^"''((ifc, W), (i^Q, W) ® C), where QuisF is the 
class of the filtered quasi-isomorphisms of CF+C. 
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Analogously to the case of Hodge complexes of weight n, we can consider 
any kind of zig-zag to define the data a of a mixed Hodge complex. 

Definition 6.5.16. A generalized mixed Hodge complex consists of 

{{Kq, W), {Kq, W, F), a), where {Kq, W) and {Kq, W, F) satisfies conditions a) 

and b) of mixed Hodge complex. 

As before, a is a QuisF-zig-zag between (i^Tc, W) and {Kq,W) ® C in CF^C. 
In addition, the following axiom must be satisfied 

(MHC) For each n, (wGr„i('Q, (wGr„i^'c) F), Gr„(a)) is a generalized Hodge 
complex of weight n (where Gr„(a) is defined analogously). 

Similarly to 16.5.101 properties 1) and 3) of the functor path given in propo- 
sition 16.4.231 allows us to associate a mixed Hodge complex to any generalized 
mixed Hodge complex in a functorial way. 

Lemma 6.5.17. If A is an abelian category, there exists a functor 

red : 7^^stQ"'^^ ^ ^^s^?e""^ 

such that the composition Uist^"^^^^ ~ ^ TZist^^'^^ — ^ Fl{HoCF^A) is 
just 7 : 7^^s^Q"'^^ — > Fl{HoCF+A). 

In addition, if {A,F), G) are objects of CF^ A, functor red restricts to 
red : TZtst"^^''^ {{A, F), (B, G)) ^ 7^^s^,^,7^((A, F), (B, G)) 

We will refer to red{{A, F),w) as the reduced zig-zag associated with {{A, F),w). 

Remark 6.5.18. The square appearing in property 3) of proposition 16.4.231 
commutes up to filtered homotopy, so the reduced zig-zag associated with 
{{A,F),w) is "homotopy equivalent" (in some sense) to {{A,F),w). 
In addition, this is a constructive procedure, consisting just in iterate functor 
path (in an ordered way). 

Corollary 6.5.19. Each generalized mixed Hodge complex gives rise to a 
mixed Hodge complex in a functorial way by replacing a by red (a) . 

Example 6.5.20. |DeIII] . 8.1.8 Let j : U ^ X be an open immersion of 
smooth varieties (here variety means a separated, reduced and of finite type C- 
scheme). Assume that X is proper and Y = X\U is a normal crossing divisor. 
Let (i?j'*Q, W) be the filtered complex of sheaves of Q-vector spaces on X, 
where W = r< is the "canonical" filtration. That is to say, r<pi?j*Q is given in 
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degree n by -Rj*Q if n < p, Keid if p = n and otherwise. 
Let {Qx (Y) , W, F) be the logarithmic De Rham complex of X along Y |DeIIj 
3.1. The filtration W is the so-called "weight filtration", consisting in filtering 
by the order of poles in Qx{y)- The filtration F, called "Hodge filtration", is 
just the filtration "bete" associated with nx{Y), that is, F'^n^(r) = fi^(y) 
if p > n and otherwise. 

Then, there exists a zig-zag a of filtered quasi-isomorphisms such that 

(i?raQ,w),i?r(i]x(r),w,F),a) 

is a mixed Hodge complex. 

The zig-zag a involves the result |DeII] 3.1.8 that relates Qx{y) to j*VLu, to- 
gether with Poincare lemma (that is, Vtu is a resolution of the constant sheaf 
C), and together with Godement resolutions. 

The zig-zag a = a{U,X) is natural in {U,X). Moreover, since Godement res- 
olutions are functorial, the natural transformations that gives rise to a{U,X) 
given in |DeIIj has values in the category of filtered complexes instead of in the 
filtered derived category (cf. [Be], 4 or [H], 8.2). 

It should be pointed out that the zig-zag a is also considered as a zig-zag of 
length 2 in [H], using a dual procedure to the one given here, that is called 
"quasi- pushout" in loc. cit.. 

Definition 6.5.21 (Category of mixed Hodge complexes). 

Let Hdg be the category whose objects are the mixed Hodge complexes, and 
whose morphisms are defined as follows. 

A morphism / = (/q, /c, /) : {{Kq, W), (K^ W, F), a) {{K^, W), (K, W, F'), a') 
consists of 

1) A morphism /q : (Kq^W) ^ iK'Q,W') of CF+Q. 

2) A morphism /c : (fsTc, W,F) ^ {K'c,W',F') of CF+C. 

3) If a and a' are the respective zig-zags 

(i^c, W) [K, W) (Kq, W) ® C 

{Ki,W') {K',W) (ir^, W) ® C 

then / : {K, W) {K', W) is a morphism of CF^C such that the squares 
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I and II of diagram 

{Kc, W) {K, W) {Kq, W) ® C (6.6) 

fc 



commutes in CF^C. For a similar definition see [Bej . 3. 

Definition 6.5.22. The category of generalized mixed Hodge complexes, 
Tidgg, is defined analogously. 

A morphism / = (/q, /c, 7) : ((Kq, W), (fCc, W, F), a) ^ W'), (Ki:, W', F'), a') 

between two generalized mixed Hodge complexes such that a and a' are of the 
same kind, consists of 

1) A morphism /q : {Kq,W) ^ iK^,W) of CF+Q. 

2) A morphism fc : (i^c, W,F) ^ (fsT^,, W',F') of CF+C. 

3) A morphism / between a and a' in the category TZist^^^^^ of zig-zags of 
filtered quasi-isomorphisms in CF^C. 

Corollary 6.5.23. The functor "reduced zig-zag" gives rise to a functor 

red : Hdgg — > Hdg 

that maps the generalized mixed Hodge complex ((Kq, W), (i^c, W, F), a) into 
the mixed Hodge complex ((Kq, W), (Kc, W, F), red a). 

Moreover, the zig-zags a and red a define the same morphism of HoCF^Q and, 
in addition, they are "homotopy equivalent" . 

Proof. The functor iality of red : Tidgg — > Tidg is clear. 

If / = (/q, /c, /) : ((Kq, W), (Kc, W, F), a) ((K(j, W), (K^, W, F'), a'), is a 
morphism in Tidgg then ( fo, fc, red f) is a morphism in 7i(i(7, because of the 
functoriality of red : 7^is^Q"'"^ — ^ 7^^s^?^"'^^. □ 

Remark 6.5.24. Assume given 

/ = (/q, fc, 7) : ((Kq, W), (Kc, W, F), a) ^ {{K'q, W), (K^,, W, F'), a') 

such that /q : (Kq,W) ^ (K(3,,W') and fc : (Kc,W,F) ^ (K(:,W',F'). 
Assume also that a and a' consists of the respective zig-zags 

(Kc, W) (K, W) (Kq, W) ® C 

(K(:, W) (i^', W') (K^, W) ® C 
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and that / : (K, W) — > {K' , W) is a morphism of CF^C such that the squares 
I and II of diagram 



(i^cW) 

/c 



(i^,W) 
7 



(i^Q, W) ® C 



commutes up to filtered homotopy in CF^C 

Let cyl{K,W) be the "classical" cylinder object in the category CF^C = 
C(F/C) (seeEMD, and ij : (^,W) cyl{K,W) be the canonical inclu- 
sions. 

Recall that fc°o:o is homotopic to a'^of in CF^C if and only if there exists a 
homotopy H : cyl{K,W) {K,W) giving rise to the following morphism of 
QuisF-zig-zags in CF^C 



fc 



cyl{K, W) 

H 



-{K,W) 



One can argue in a similar way with square II, obtaining a morphism of Tidgg. 
Therefore, we obtain in this way a morphism in Tidg between the corresponding 
mixed Hodge complexes. 

This mapping in not functorial at all in the data (/qj/c,/), since it depends 
on chosen the homotopy for the squares I and II. 

Two different choices of homotopies for I and II provides two morphisms of 
Tidg, that are no related in general. 



Remark 6.5.25. In [PSj another definition of category of mixed Hodge com- 
plexes is considered, in which a morphism is such that the corresponding dia- 
gram (16.61) commutes up to homotopy. In this case some pathologies appear, 
for instance the non-functoriality of the cone associated with a morphism of 
mixed Hodge complexes (see loc. cit. 3.23). 

Next we endow Tidg with a structure of cosimplicial descent category, in 
which the simple functor sy^dg = (s, S, s) : ATidg Tidg is the one given in 

[ran] 8.1.15. 
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Remark 6.5.26. Note that the simple functor (s,5) : ACF+Q CF+Q (see 
I6.4.27I) commutes with — (g) C, since the tensor product with C commutes with 
finite sums. 

Definition 6.5.27 (Descent structure on Hdg). 

Simple functor: Given a cosimplicial mixed Hodge complex K = {{Kq, W), {Kc, W, F), a), 
let Sf^dgK be the mixed Hodge complex {{sKq, SW), {sKc, 6W, sF), sa), where 
s denotes the usual simple of cochain complexes and 6W is defined as in 16.4.271 
More concretely 

s(ir_)" = K^J ; {5WUs{K-r) = Wk+^Ky , if - is Q or C 

p+q=n i+j=n 

is{F)r{sKcr = F'K^c' ■ 

p+q=n 

Finally, if a = (ao, ai, {K, W)) then sa denotes the zig-zag 

(6.7) 

Equivalences: the class of equivalences is defined as 

^Hdg = {(/q, fc, f) I /q is a quasi-isomorphism in C/i+Q} . 

Transformation A: X^^^ : Id^dg ^ s^,,(- x A) is X"^"' = (A^^,A^^,A|) 
induced by the transformations A^ and A"-" of Ch~^Q and Ch^C respectively. 

Transformation /i: similarly, the transformation fi^'^^ : s-udg^^Hdg Sy^dg^ 
is /i^'^^ = (/i'^jj, i^Kci A**^) where /iQ, /ic and Jl are the usual natural transforma- 
tions of Ch'^Q and Ch'^C respectively. 

Theorem 6.5.28. The category (ndg^s-Hdgy^ndg, fJ^Hdg, X-^dg) is an additive 
cosimplicial descent category. 

In addition, the forgetful functor U : Hdg Ch'^Q given by \J{{Kq, W), {Kq, W, F), a) = 
Kq is a functor of additive cosimplicial descent categories. 

By proposition 16.4.271 the simple functor (s, 6) : ACF^^ CF^^ pre- 
serves i^^2-isomorphisms. In addition, it also preserves filtered quasi-isomorphisms, 
(DiTl]7.I.6.2. 

Lemma 6.5.29. If A is an abelian category, the functor (s, 5) : ACF^^ — >■ 
CF"*"^ preserves filtered quasi-isomorphisms. 

That is to say, if f : (A, W) (-B,V) is a morphism of cosimplicial filtered 
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cochain complexes such that + Z™" : (A™,W) — > (i?™, V) is a filtered quasi- 
isomorphism for each m, then sf : {sA, 6W) (si?, 5V) is also a filtered 
quasi-isomorphism. 

Proof o/iXM 

We will apply the transfer lemma EAHf" to U : Hdg Ch+Q. 

(SDC 1)°^ holds since Hdg is additive. Let us see (SDC 3)'°^, that is, let us 

check that s-j-^dg = (s, 6, s) : ATCdg — > Hdg is indeed a functor. 

Given K G AHdg, then s-j^^gK is a Hodge complex by [Delll ] 8.1.15 i). 

Hence, s-j^dgiK) satisfies conditions a) and b) of definition 16.5.141 Indeed, they 

are consequences of the functoriality of (s,s) and (s,5), and it can be proven 

that B.''{sKq) is a finite dimensional vector space using the standard argument 

of the proof of (SDC 6) in proposition 15.2.11 (or equivalently, using the spectral 

sequence associated with sKq). 

On the other hand, by assumption a = {ao,ai, {K,W)) is such that ai is a 
degreewise filtered quasi-isomorphism for i = 0,1. Then, from [U3.29I we de- 
duce that (s, 6)ai is so, for i = 0,1. Therefore, the zig-zag sa given by formula 
(16. 7p satisfies condition c) of the definition of mixed Hodge complex. Thus, it 
remains to see (MHC). 

Given an integer n, {swGrn^sKo), {swGrn{sKtc), sF), Gr„(sa)) satisfies the hy- 
pothesis of definition 16.5.51 of Hodge complex of weight n by loc. cit., except 
condition c) which is trivially satisfied because each sai is a filtered quasi- 
isomorphism. 

Let us check now the functoriality of Sfidg with respect to the morphisms of 
AHdg. 

Amorphism/ = (/q,/c,7) : ((i^Q, W), (i^c, W, F), a) ^ ((iT^^, W), (i^(:, W, F') 
in AHdg gives rise to the following commutative diagram of ACF^C 

[Kc, W) {K, W) {Kq, W) ® C 



fc 



Therefore, applying (s, 6) : ACF^C CF^C we get a commutative diagram 
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in CF^C, that gives rise to 

(sKc, 6W) ^sK, 6W) {s{Kq ® C), 5{W ® C)) 



s/c 



(sKi, 5W') (sir', 6W') 



s(/o«>C) 

C),5(W'®C)) 



(s/Q)Cg)C 

(sir' 5W') ® C . 



Therefore, Sndgf = (s/q, s/c, s/) is a morphism in 'Hdsf. 

Now we will prove (SDC 4)'°p and (SDC 5)'°p. Denote by A^, the natural 
transformations relative the descent categories CF"*'Q and CF^C (with the 
structure given in l6.4.27jl . These transformations coincide at the level of cochain 
complexes with the usual transformation A of I6.1[ 

If {{KQ,W),{Kc,W,F),a) is a mixed Hodge complex, from 16.4.271 and [UX7t 
it follows that A?- , A 

state that the following diagram commutes in CF'''C 



j^^, /v^^ and A^ preserve the filtrations. Set L = L x A. We 



ai 



AC 

K 




(s(irc), 5(W)) ^ (s(ir'), 6{W)) — (s(i^(j ® C), 5(W' ® C)) ^ (s(iry , 5(W')) ® C 

Indeed, the squares commutes by the functoriality of A''', as well as the right 
triangle since A^ is just the inclusion of L as direct summand of s(L x A). 



Consequently Xndg = {^Kq^ ^Kc^ ^"^^ ^ morphism in Hdg. It can be argued 



similarly with /x^ ^ = (/x^^, /i}^^, 

(FD is trivial since U is additive, and the diagram 



AHdg ACh^ 



(s,5,s) 



Hdg 



commutes. Finally, it is clear that the transformations A of Tidg and Ch~^Q are 
compatible, and the same happens with /i, so I2.5.8P P holds. □ 

Remark 6.5.30. The fixed length of the zig-zag a of a mixed Hodge complex 
has no relevance in the previous proof. Consequently, the category 



{Hdgg, S-Hdg, ^Hdg, ^Hdg, ^Hdg) 
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defined similarly, is an additive cosimplicial descent category, and the forgetful 
functor U : Tidg — > C/i^Q is again a functor of additive cosimplicial descent 
categories. 
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Appendix A 

Eilenberg-Zilber-Cartier 
Theorem 



We will need the following theorem, known as the Eilenberg-Zilber-Cartier 
([DP],2.9). 

Theorem A. 1.1 (Eilenberg-Zilber-Cartier). 

Consider an additive category U, and the square 



D 



K 



K 

Ch+Ch+U 

Tot 

- ChM- 



a) IfV e A°A°U, then the morphisms Idvo,o ■ [TotKA°K{V)]o [KI){V)]o 
and /(iv-o.o • [-^D(l^)]o [TotKA°K{V)]o can be extended to universal mor- 
phisms 

' Ve-z{V) : TotKA°K{V) ^ KD{V) 
fiE-z{V) : KD{V) TotKA°K{y) ' 

that are homotopy inverse. 

b) Each universal morphism F : TotKA°K{V) —>■ KD{V) with Fq = Id is 
(universally) homotopic to rjE-ziY)- Analogously, ifG : KD{V) — > TotKA°K{V)) 
is universal and Go = Id, then G is (universally) homotopic to fiE-z{V)- 



Remark A. 1.2. 

l) Given V G A°A°U, a morphism ®Vp^q 



Wpi^qi in U is universal if each 
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component Vp^g Vpi^qi is of the form /? ^a,/3^('^5 Z^)) where ria^ji G Z, and 
a : [p'] — *• [p] and [3 : [g'] — > [g] are morphisms of A. 

Similarly, a morphism F in Ch^{U) between TotKA°K{V) and KD{V) is 
universal if each Fn is so. 

ll) Since r]E-z and /i^-z are universal, it follows that they are functorial in V, 
so they define natural transformations between KD and TotKA°K. 

Proof. Given p, q,r,s > 0, let M{p, q; r, s) be the free abelian group generated 
by the pairs {a, (3), where a : [r] — >■ [p] and (3 : [s] —>■ [q] are morphisms in A. 
Consider the category whose objects are the symbols Mp^g, p,q > 0. A 
morphism from g to M^ ,, is just an element of M{p,q;r, s). Composition 
in A4 is inherited from composition in A. Hence {a' , f3') {a , (3) = {aa',(3f3') if 
{a, (3) G M{p,q;r,s) and (a',/?') G M{r,s;t,u). Consequently, A° x A° C M. 

Attach objects and morphisms to A4 in such a way that we can consider 
finite direct sums in A^. In this way we get the additive category Ai, and 
again A° x A° C A^. Therefore, restricting the identity Ai ^ M. we obtain a 
simphcial object M G A°A°M. 

Consider V G A°A°W. Then V can be extended in a unique way to an additive 
functor M ^U, that gives rise to V : Ch+{M) Ch^{U). 

Thus, a morphism in Ch^{U) between TotKA°K{V) and KD{V) is uni- 
versal if and only if it is the image under V of a morphism of Ch+{Ai) be- 
tween TotKA°K{M) and KD(M). Moreover, since V : M U is additive, 
a homotopy between two morphisms F and G from TotKA°K{M) to KD{M) 
(or viceversa) is mapped by V into a (universal) homotopy between V'{F) 
and V'{G), that are morphisms from TotKA°K{V) to KD{V) (or viceversa). 
Hence, we can restrict ourselves ioU = M. and V = M. 

Let Ab be the category of abelian groups. For each / > denote by K{1) G 
A°Ab the simplicial abelian group such that K{l)p is the free abelian group 
generated by the morphisms a : [p] ^ [I]. In other words, K{1) is obtained 
from the "standard" simplicial object A[/], by taking free groups. Consider 
K{1, m) G A°A° Ab given by K{1, m)p^g = K{l)p ® K{m)q. 
Consider Rp^g : A°A° Ab Ab with Rp^giW) = Wp^g if W e A°A°Ab, and the 
natural transformations r : Rp^g Rp\g' (also called FD-operators). Denote 
by N{p, q; p', q') the group consisting of all of them. Examples of such r are the 
basic transformations {a,l3)*{W) = W^^p if a : [p'] — » [p] and j3 : [q'] — > [q\. 
By [EM] 3.1 we have that N{p, q; p', q') is a free group generated by the basic 
transformations. In addition, r G A^(p, g; p', q') is characterized by its value at 
the bisimplicial abelian groups K{l,m), VZ,m. 
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Clearly, the mapping {a,P) («,/?)* is injective, since given any a : [p'] [p] 
and (3 : [q'] [q] then {a, (3y{K{p,q)){Id[p], Id[g]) = {a, (3) G K{p,q)p,^g,. It 
follows that N{p, q; p', q') ~ M(p, g; p', q'). 

Therefore, M. can be replaced by the category M whose objects are sym- 
bols Np^q and whose morphisms between Np^q and Npi^qi are just N{p,q]p',q'). 
Similarly, consider the restrictions of the identity functor Af and G A°A°A/'. 
The morphism Id : Nq^q — > Nq q in A^(0, 0; 0, 0) is the natural transformation 
defined by Id : K{l,m)ofi _ft'(/,m)o,o for all l,m. 

By the classical Eilenberg-Zilber theorem |May| 29.3 it follows the existence of 
natural transformations defined from //(/, m) : (Bp+q=nK{l)p ® Kq ^ K{l)n ® 
K{m)n and fi{l,m) : K{l)n®K{m)n — ^ ®p+q=nK{l)p®Kq for all /,m, such that 
they are the identity in degree 0, and such that they are homotopy inverse. In 
addition, any two such rj are homotopic in a natural way, and the same holds 
for /i. 

By definition of A/", the morphisms {?7(/,m)}; ,„ correspond to morphisms 
■q e ®p+q=nN{p,q;n,n). In other words r] : TotKA°K{N) KD{N), and 
similarly {^{l,m)}i^rn correspond to /i : KD{N) — > TotKA°K{N), in such a 
way that (natural) homotopies are preserved by this correspondence. Hence 
the proof is finished. □ 

Remark A. 1.3 (Description of r]E-z and jiE-z)- 

Given V G Ch+Ch+U, the "shuffle" map r^E-ziV) : TotKA°K{V) KD{V) 
and the Alexander- Whitney map He-z{V) : KD{V) TotKA°K{V) are (uni- 
versal) inverse homotopy equivalence ( [DPj 2.15). They are given by fjE-ziV) = 
■■ ®i+j=kVij Vk,k 

7]ij{V) = S(„,^)si^n(a,/3)l^((T"%°^-i ■ ■ ■ cr°S a^^'a^'-^ ■ ■■a'^') 

where the sum is indexed over the (z,j)- "shuffles" (a, /?) and sign{a, (3) denotes 
the sign of (a,/3) (see [EM] ). 

On the other hand HE-ziY) = ^/^jj(^) '■ Vk,k ®i+j=kVi,j, where 
^^^^(V) = V{d'> d'd''-' ■ ■ ■ rf^+^) . 

Remark A. 1.4. The "shuffle" rjE-z and Alexander- Whitney J1e-z maps given 
in |DP] are not exactly those used in these notes. 

The reason is that the total functor used in [DP], Tot : Ch+Ch+U — > Ch^U, is 
isomorphic but not the same used here (see l5.1.3]) . Indeed, given {V^'^ ; d\ d^} E 
Ch^Ch+U, then Tot{V) has as boundary map ^(i* + {—lyd^. 
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Therefore, r]E-z ■ TotKA°K KB and J1e~z ■ KB TotKA°K. 
Denote by T : Ch+Ch+U Ch+Ch+U and V : A°A°W ^ A°U the functors 
that interchange the indexes in a double complex and in a bisimplicial object 
respectively. Then 

r]E-z{V) = rjE~z{^V) and ^e-z{V) = J1e-z{TV) . 

Note that f^tT = Tot, DF = D and KA°KT = TKA°K. Hence, J1e-z(XV) : 
KI){TV) = KD{V) T\kKA°K{TV) = TotKA°K, and similarly for 7]e-z- 

We will use in these notes the Alexander- Whitney map in order to proof the 
factorization axiom in the (co)chain complexes case. We will need as well the 
following property of He-z- 

Proposition A. 1.5. The natural transformation fiE-z is associative. More 
concretely, given a trisimplicial object T inlA, the morphisms Tn^n,n ~^ ®r+s+t=n'^r,s,t 
obtained by applying twice fiE~z 



coincide. 

This is a well-known property (see, for instance, p] 14.2.3.). It holds that 
7]E-z is also associative, and in addition it is symmetric (that is, it is invariant 
by swapping the indexes). On the other hand, fiE-z is not symmetric, but it 
is symmetric up to homotopy equivalence. 

Remark A. 1.6. Usually the transformations fiE-z and t]e-z are used when 
U is a. category of i?-modules, and the bisimphcial object considered is of the 
form {Xn®Ym}n,m (foT iustauce in the study of the relationship between the ho- 
mology of the cartesian product of topological spaces and the tensorial product 
of their homologies). 
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